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PEEFACE. 


Tiik exhaustive character of the late Professor 
Maxwell’s work on Electricity and Majcnetism has 
necessarily reduced (dl sulji:equciit treatises on these 
subjects to the rank of commentaries. Hardly any 
advances have been made in the theory of these branches 
'of physics during the last thirteen years of which the 
Hrst sugge.stions may not bo feund in Maxwell’s bo()k. 
Hut the very excellence *(jf the work, regarded from 
the highest physical point of view, is in some respects 
a liindrance to its eflfieieucv as a student’s text-book. 
Written as it is under the conviction of the para- 
mount importance of the physical as contrasted with 
the purely mathematical aspects of the subject, and 
tlierefore with the ileterinination not to be diverted 
from the immediate * contemplation of experimental 
facts to the development of any theory however fas- 
cinating, the style is suggestive rather than didactic, 
and the mathematical treatment is occasionally sonie- 
w’hat imlinished and obscure. It is })ossil)le, therefore, 
that the present work, of which the first volume is 
uow^ ofiered to students of the mathematical theory 
of electricity, may be of service as an introduction 
to, or commentary upon. Maxwell’s book. Its aim 
is to state the provisionally accepted two-fluid theory, 
and to develop it into its matlicinatical consequences, 
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PREPACK. 


rc'farding tliat tliooiy simply as an liyjiotliosis, 
valualile so far us it gives foniial expresvsiou and 
unity to experimental facts, but not as embodying an 
accepted jihysical truth. 

The greater part of tliis volume is accordingly 
occupied with the treatment of this two-fluid theory 
as developed by Poisson, Green, and othci-.s, and as 
Maxwell himself has dealt with it. The suc.cos.s of 


this theory in formally explaining and co-ordinating 
cxjierimeutal results is only eipialled by the artilicial 
and unreal character of tlu“ postulati's upon which it 
IS based. The electrical thuds are physical imjxwsi-* 
1)11 ities, tolerable only as the basis of mathematical 
calculation.^ and as suj.plynig a language in which 
the facts of experience have been expressed and 
results calcidatcd and anticipated. 'I’he.se ri'sults 
being afterwards slated in more gmieral terms may 
.sf'fvo to suggest a sounder hypothesis, such for 
instance as wx- liave offered to us in the displace- 
ment theory of Maxwell. 


In the uimngcme.,1 of the Keetise tl.o firet Ihro,. 
ere devote,! to pm,,„sitio„e „f 

'.“"'“"““'“I b"! of Toolol e.,„»lo„flv 

leeiiiniij. .opplieatioii to etectricjil theorv Ily .sudi 
■o. a™,gc,..„„t 11 ie hojxvl that tl,o ..eiolet l,e 

■lo o proeee,! ,v,tl, II, „ , level, >p,„e„t of the theory 

"•'* »« little i.,lern,ptio„ „„„ihle 
from the mtorvention of purely nnth. , f i " 

Kew if auv rf+i V ^ ^ 

eliaptors contain aVtWng'^nmrim 

ooa the reethode of pr„„f fcave Cion T;w'“w!tr!; 
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view to brevity and clearness, and with no attempt 
at any unnecessary modifications of demonstrations 
already generally accepted. 

All investigations appear to point irresistibly to a 
state of polarisation of some kind or other, as the 
accompaniment of electrical action, and accordingly the 
physical properties of a field of polarised molecules 
have been considered at considerable length, e.'specially 
in Chapter XI, in connebtion^ Asith the subject of 
specific induction and Farjiday’s hypothesis of a com- 
posite dielectric, and in Chapter XIV, Avith reference 
to MaxAvell’s disj)lacement theory. The A’alue of the 
last-nmntioned hypothesis is uoav universally recog- 
nised, and it is genenilly regarded as of more promise 
than any other Avhich has hitherto been suggested in 
the Avay of placing electrical theory upon a sound 
pliYsical basis. 
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CHXPTEE 1. 

obeen’s theoreu. 


Article 1.] Let S be any closed surface, u and »' any two 
functions of x, y, and z, which arc continuous and single-valued 
everywhere within S. Then shall 



I du du' du du' 
I dx dx dif dy 


du d ‘\^ ) , » , 

* sr"®* 


in which the triple integrals arc taken throughout the space 
enclosed by and the double integrals over the surface, iv is 
an element of the normal to the surface inside of 5, but measured 
outwards in direction, and stands for 


I'l. ^ 

\/a;* d/’' 

For let a line parallel to ® cut the surface in the points 
a-,, y, z and y, z. Then integrating by parts between 
iP = «! and a? = .Tj, wc Have 

,d^u , / ,dn\ / ,du\ f^tdudu' ^ 

Let bo the base of, a prism of which tlie line between 
and is one edjje. Tlicn 
f'^'2 ,(Pu 




-*^2 du du' 
dx dx 


dx\ 


Now if /j, be tho direction-cosines of the normal to S 
drawn outwards at the point and if dS^ be the element of 

area cut out at that point by the prism, 
dydz^^-'^l^dS^, 

B 
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ukeen’s theorem. 


[ 2 . 


and using corresponding 


notation at the jwint *» 

dydz ss /j|<Z«S^2* 


Thercfote 


P'2 

dy.h\ « 

Tliorclbrc, notinj]^ tliut it*j tind *p^ ftrc functions of uiul 4.) inti** 
jvrating and transposing, wo obtain 


dx 


/* *'2 l/?/ 


in which the triple integrals oonflwiso the whole space within S. 
and the surface integrals comprise the whole surface* of S, 

Similar equations, mulatis mutandis, hold for y and r. 
Therefore 


rrridudn dudn . du du ) , 

=]/“' i ' a + ”‘S * ”£ S -ffl"' 

= J'J' It' (Ixdyih l)j’ syininctiy. 


We have supposed the line through^ 2: to cut S in two ])oints 
only, 0^13 y, 1: and Xo, y, 2'. It may cut it in any even number 
of points, but all the reasoning would apply to each pair .«o 
long as relates to the point of ingr|3ss, and ^2 ^f cffress. The 
equation will therefore hold equally where lines can be drawn 
cutting the surlace in more than tw-o points. 

Farther, the proof evidently holds for the space between two 
surfaces, and 62, whereof completely encloses 5, . 


On the Application of the Theorem to the Infinite lixiernal Hpac(\ 

2.] Let us consider more closely the case of two surfaces, 6’, 
and (Sj, of which 8 ^ completely encloses 8 ^' 



GENERALISATION’ OF GREEN’s THEOREM. 


-Applying* the theorem to the space between them we have 

rr C ( ) 1 1 1 
J]J\diS* djd^* £ 

=i^”'s "■ +i/“'3i "= ■. 

in which the first of the double integrals relates to and the 
second to /S^, and the normals on are measured inwards as 
regards the space enclosed by . 

Now let /Sjj be removed to an infinite distance. If in that 

case tlic surface integral A'xtcnded over the infinitely 

distant surface S.^, vanishes, tlie theorem is true for the infinite 
space outside of S^j as well as for the finite space within it, the 
normal being in this case measured inwards as regards S^, 

In order that dS^ should vanish, when extended over 

the infinit(?ly distant surface, it is sufficient and necessary 
that vu' should be of less degree than —1. In the physical 
tlieorems with which we are concerned, this will generally be 
the case. 

Genet aVisation of Greenes Theorem, 

3.] Let K be any continuous function of y, z. Then 

by the same process of partial integration as before. The con- 
dition for application of the theorem to the external space will 
in this case be that Kuu' must be of loss degree than —1. 

It will sometimes be convenient to denote the expression 

hy V\n. 

dx^ day dy^ dy' dz dz 



4 GENERALISATION OF GREEN* S THEOREM. [4. 

4 .] We Lave assumed u and 1/ to be coniinuous functions of 
a?, and If at a certain surface within -S', one of them, 
suppose n, is diseontiruious but finite, and its differential co- 
efficients or one of them, arc infinite, the theorem 

(Jdo dy dz 

reejuires modification as follows : — 

It still remains true, // being* always finite, that 

d . dll dll. . „ dxC . d u dll' 

(, \ri 

and from this we may deduce Grten’s theorem in the form 
dv —JJJ*<'^s^>‘'d.Kdi/th. 

But we cannot assert the truth of the theorem in the al- 
ternative form 


Iff 


.du dll' 




If « become iuji„</e at any point within S, we cannot include 
m the integration the point at whicl. the infinite value occurs. 
But we may describe a surface completely enclosing, and very 
ne^ to that peunt. and apply the tlu-orcm to the s,,aec between 

tbrit ’ 7?’^ xf cocincicnts as constant 

withif J'* I 4 J r '“"‘^"7’ at a point P 

(luf ^ described about P, and let 

and K, be the values of , and K in or on the 

surface of -S', Then we obtain 

la form tlie tboorem can tw i^ac uae of whenover ttio 
«Uios u. 



5 .] 


THE CORRECTION FOR CYCLOSIS. 


6 


are finite or zero. Por instant, if where r is the 

distance of any point from P, ^ 

= 0 and JJ ^dS' = iiTy 
and the equation becomes 


If ^ 'dv 


T/ie Correction for Cj/clom, 

5.] We have assumed also that n and u' arc single-valued 
functions of z\ that is, that for any such function the line 

/ (I if‘ 

dli taken round any closed curve that can be 

drawn within the space S to which Green’s theorem is applied, 
is zero. The functions with which we shall have to deal in this 
treatise will generally satisfy this condition. 

If however for any function u the condition dl = 0 be 

not satisfied for certain closed curves drawn within the state- 
ment of Green’s theorem requires modification in the manner 
pointed out by Holinholz and Sir W. Thomson. The reader 
will find the sulyeet fully treated in llaxwell’s Electricity and 
Magnetism y Second Edition, Arts. 9G b-90 d. 

It. will be sufficient here to shew the modification required in 
a simple case. Suppose, for instance, S con- 
sist of an anchor-ring, Pig. i, and that for 
any closed curve drawn within it, so as 

to embrace the axis, as OPQO,J ^ dl = 7/, 

but for closed curves not embracing the axis 

d I z=: 0, Let us suppose n to be mea- 

J dl 

sured from a section S^^ of the ring. Let 0 be a point in the 




THE CORKECnON FOR CVCLOSIS* 


(J 


[5- 


section S,. Then, if we starj^from 0, with k„ for the value of 
and proeeal round the curve OPQO, u will, on arrivinj? again 
at 0, have assumed by continuous variation the value u^ + H. 

Let -Si be any other section of the ring. Then and 
divide the space within the ring into two parts, and 

S QSq. No curve embracing the axis can be drawn wholly 
within either <S„PS, or Sj QS^. Therefore (’.rcen’s theorem may 
be applied to either space. Applying it to S^PSy, we have 







^'A' U iLc (I Iff iz 


(!) 


ill which tlie first Joiihlo integral relates to the surface of tlie. 
ring-, and the other two to the sections and respectively. 

Again, applying the theorem to rt'gariling the 

normals to and as measured in the sann* direction as in 
the former case, that is inwards as regards the si)ace now in 
question, have 


III 


-ff K + ^/) </.S- IJf ii^^n'dx.ly(lz (2) 

Jf we now add the two crpiations (J) and (2) together, we 
obtain for the wliole space within the rinjj 

jjj ^dx cic 

dv JjJ ^<'^%^'dx(li/dz- If jj K'~tis„. 

H(ixce II I f 7 0 • 

Jj ^ civ ^ correction for cyclosis in this 

chosen ‘Icpcnds on the section of the ring arbitrarily 

as the starting-point from which » is measuKid. 



7-] DEDUCTIONS PnOM GREBN’s THEOREM. 


Beductiom from Greenes Theorem. 

6. ] Let be a constant. Then, since ^ i and ~ are 

ax ay dz 

severally zero, we obtain the result that for any function w, 

the integrals being taken over any closed surface S and the 
enclosed space. • 

7. ] (a) There exists one function u of x, y^ and z which has arhi- 

irarily assigned values at cacfi jjoint on a closed surface S, and 
sat iff es the condition at each point within 8, K being 

everyv)here positive. 

For evidently an infinite number of forms of the function 
u exist satisfying the condition that u has the assigned 
value at each point of 8^ irrespective of the value of V\n 
Nvithin 8, 

For any function u let the integral 

throughout the space enclosed by 8 be denoted by . 

This integral is necessarily positive, and cannot be zero for 
any of the functions in^question, unless the assigned values are 
the same at every point of 8^ in which case a function having 
that same constant value within 8 satisfies all the conditions 
of the pro])lein. 

If the assigned values of u be not the same at each point of 5, 
then of all the functions which satisfy the surface conditions, 
there must be some one, or more, for which Qh, being necessarily 
positive, is not greater than for any of the others. Let u be 
such function. 

Let u + ?/ be any other function which satisfies the surface con- 
ditions, so that 0 at each point of 8, Then also 
satisfies the surface conditions, if 0 be any numerical quantity 
whatever, positive or negative. 
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PEDlTOnONS FBOM GBEEN’S THEOBEM. 


[7. 


Tlu'n 

= Q„ + 6-Q„ + 20 I jU* AV‘J“ dS- jjj m' V i«rf^rfyrf^ j ; 
by Green’s theorem, 

= Qu+(^Q»— 20 jjjn'^\udxd,jdz, 
because n' = 0 on aS. 

Now is by hypothesis nqt less tlian (?„, and therefore 

^ *7“'“ 2d JJJ u V], V d.rdi/ds 

cannot be negative for any value of d, or any value of k'. 

But unless V"k>( be zero at each point within S, it is possible 
to assign such values to n', consistently with its being zero on .V. 
as to make 

JJJ u n ihrihjdz 

differ fiom zero. Therefore, it is possilde to assign such a value 
to e as to make 




negative. 

taol,™ a,l,sly,„g (he ,„*„ con,Iili„„ f„, „.},ich O i, 

^Srom,V"i7 7,“/“"'“"" “‘Kvins tiH.» 

Within S, evidently * ‘ points 

side of S wTu^r “Pplied to the infinite space out- 

point OK 8 and oadt/les^f/ tfotipKotl valKot at 

»«'«■* f 8 K uL^i“t ’ r**"“ point 

tin, J.’ ■>■»! Uat K.- U ,f W Lpro, 



9.] DEDUCTIONS FROM GREEN’s THEOREM. 9 

For of all tlie functions which satisfy the surface conditions on 
S and the condition as to degree, there must be some one or 
more for which the integral extended through the infinite ex- 
ternal space is not greater than for any of the others. 

Let u' be another function which is zero on and satisfies 
the condition as to degree. Then Green’s theorem may be 
applied to the infinite external space with u and ti for functions. 
And it can be proved by the same process as used above that, 
unless = 0 at every point in the external space, some 
value may be given to which will make less than 

Therefore when (2 m has its least posSblc value for all functions 
satisfying the conditions, must be zero at all points outside 
of & 

8. ] The theorems ean be extended to the case where 
instead of being zero, has any given value p, a function of a?, 

at each point within the limits of the triple integral, i.c, within 
or outside of 8 as the ease may be. 

For let V be a function of the required degree which satisfies 
V = p at all points within the limits of the triple integral. 
Such a function always exists independently of the surface con- 
ditions *. 

Then if <r be the assigned value of n on there exists, by 
Art. 7, a function //f having at each point on 8 the value 
and such that W = 0, at all points within the limits 
of the triple integral. Let n = 7r+ V, 

Then u has at each point on 8 the value cr— T, that is, 
the required value tr, and 

= p 

at each point within the limits of the triple integral. 

9. ] If the value of ii be given at each point on 5, and if the 

value of whether zero or any other assigned value, be 

given at each point within 8, u has a single and deiermxnaie 
value at each point within 8, 

p (ly dif dz' 

■ — rr: is one such function. 




10 


DEDUCTIONS FROM GHEEn’S THEOREM. [lO. 


For, let n and / be two functions both satisfying the con- 
ditions. 

Then n = u' and 0 at each point on S\ and 

Vi-M-ViM'r: 0, or Vi-(M— (*) 


at each point within S. Then 

=jj K(u-u')^-^~hs-ffj^{u-u)Vh^ .. (2) 

= 0 by (1). 

It follows that 

(lu (lu ihi du dti du 

dx ^ dx dy dy dz dz 


at each point witliin S, and therefore h and n\ beinjj equal on S, 
have identical values at eacli point within S. 

It follows as a corollary that, as stated above, if n be constant 
at each point on S, and if = 0 everywhere within S, u has 
the same constant value everywhere within S, For tlu' (*onstant 
satisfies both the surface and internal conditions, ami there can 
be no other function which does satisfy them. 

The last theorem can be applied to the inllnite space outside 
of S as well as to the space within it, if we add the condition 
that AV is of a less degree than —1, without which Grecirs 
theorem could not be applied to deduce ^2). 

10.] Thre exids a function u ofx,//, and z which sathfes the 
cond it iom follotving ; 7 ia?nely — 

(1) u has values constant hut arbitrary over each of a series 

of closed surfaces ••• ^^id given constant values over 

each of a second series of closed surfaces . . . Sf, 

(2) u is of lower degree than — 





//!>.=«.. 


ivliete ^ 21 ... On are given constants^ and the douhle integrals are 
taken over 
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(4) = 0 at every point not within any of the surfaces 

Si, ^ 2 ..., and 

For, consider a function u which satisfies (l) and (2), and also 
satisfies 

(tt) w, e, + or = 

where Fj is any arbitrary constant, and arc the constant 

values assumed by t(, on ... S^. 

Evidently there exists an infinite variety of such functions. 

For every such function the volume integral 



extended throughout all space %iot within the surfaces, cannot be 
zero, if ^ be not zero, and is positive. 

There must therefore be some one or more of such functions 
lor which is not greater than for any other. 

Let n be such function. 

Let v^-f vf be any other function satisfying (1), (2), and («). 
Then has constant values, w./, &e. on the surfaces 

aS^ ...aS,, which satisfy 2 + 

the surfiices 5/ ... and is of the required degree. 

These are its only conditions. Also vf being of loss degree 
than — i may be used with n in Green’s theorem for external 


Let 0 be any numerical quantity, positive or negative. Then 
tf + Oa also satisfies (l), ^2), and (r/). Then 

= Q„ + e^Q,,+ 20’\ JJn'p^ + 

— JJJ vfV^uilvdydzj^ 

= Qu+(PQ^+20 \<JJ 

—JJJ w dxihjAz I . 

since tt' is constant on each of the surfaces 5i ... and is zero 
on each of the surfaces ... S,/. 
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Now Qu+ 9 u' cannot be less than Qu, whatever v! may be, and 
whatever B may be. 

Jhit unless the factor of 20 in the last expression be zero, 
there must bo some value of 0 which makes e«' less than Q,,. 

The quantity multiplied by 20 must therefore be zero for all 
values of // consistently with its conditions. 

must therefore be zero at all points within the triple 
integral, and 

for all values of consistent with 

+ = 0 . 

Therefore we must have 


where fx is some constant, the same for all the surfaces S^... S„. 

If the function n bo found for any value of E, then y. is known 
from [a), and is proportional to E. 

There must, therefore, bts some value of, A’ for which p is unity, 
and the function u determined for that value of E satisfies (!) 
(2), (3), and (4). ^ 

11.] The theorem can be extended to the case where V'^k, 
instcail of being zero at every point within the limits of the 
triple integral, has any assigned value p, a function of «, y, 

I' or let r he a function of the required degree wliieh has 
constant hut arbitrary values on each of the surfaces S, S has 
the given constant values on and satisfies at 

all points external to both series of surfaces. The existence of 
such a function is proved in Art. 8. f being so determined, let 

= = &c. 

renS T of the 

and V r _ 0 at all points external to all the surfaces. 
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Let u=W+r. 

Then u has some constant values on each of the surfaces 
Si-.. S„, and the given constant values on each of the surfaces 

Similarly, JJ 

&c. = &c., 

and V®t6 = VMf5+V2r=p 

at all external points. 

12.] If be a function whi<jli satisfies the conditions (l), (2), 
and ( 3 ) of Art. 10, and for which has any assigned value, zero 
or otherwise, at every point not within any of the surfaces, then 
u has single and determinate value at each point in external 
space. 

For let 7i and // be two functions, each of degree less than 
— i, satisfying the surface conditions, so that Ji and /// are both 
constant on each surface, and 





or 



u') 


dSi — 0 , 


and so on for civAi of the surfaces. 

Also and both have the same given value at each 
point in the external sjace, and therefore — ?/) = 0 at 

every point in that space* 

Then 


= <^81 + JJin - «') — d8, + & e . 

— JJJ (a — n) V“ (u — u) dx d y < h 
— JJJ* dxdydz 


= 0 . 



14 


DEDUCTIONS FBOM OREEN’S THEOREM. [ij- 


(/it (/it' du du' j dll _ du 

Therefore = d^-d^' “ db ’ 

and since 7 t = 7 / at an infinite distance, u = at every point not 
within any of tlie surfaces. 

13.] We proved in Art. 10 that if j j — clS bo given for each of 

the surfaces 8^,8.^... S^, and w be constant on each surface, and 
of degree lower than — then the triple integral Q,, has its 
least value when V*« = 0 at each point in external space. 

We can now prove that gifen jj ^ dS as before for each 

surface and given V^if = p at each point not within any of flic 
surfaces, and 7i of degree lower tfian -» J, Q„ has its least value 
when n is constant over each surface. For lot k l>e the function 
which satisfies the four conditions of Art. 10, 7 ^' any other function 
of degree less than — J which satisfies conditions (3) and (l) of 
that Article, but is not constant on each of the surfaces Si S , 
Then 

u'=z w-f w'— n, 

and if Q^^ and denote the triple integral Q for t( and id re- 
spectively, we have, as in the preceding articles, 

in which the double integr.!! is understood to relate to each of 
the surfaces in succession. The second line is zero by the condi- 
tions, and therefore if u' differ from u, 

Qii = <?« + . 

The theorems of the hist three articles can also be extended to 
the more general ease in which the value of 

~ ( K / A' j. 

d;j) + d^i^j^h or 

mstead of V^« are given within the limits of the triple integrals. 
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where K is positive and constant for each surface^ and Ku^ of 
lower dejfree than —1, 


For, wo have only to replace V^u by the more general ex- 
pression 


^ I ^ , d ,„d«. 


and Qu by 




and every step in the process ajjplies as before. 

14.] Again, if /S be a closed surface, ^or series of closed surfaces 
external to each other, and if a be a function having arbitrarily 
assigned values at each point on there always exists a function 
i( satisfying the condition 


(1) -— = rr at each point on S, 

(2) = 0 at each point in external space, 

(3) u is of lower degree than — • J. 

For there must be an infinite variety of functions U which 


satisfy the conditions (4) j'j U erdS = where E is any arbi- 
trary quantity differing from zero, and (5) U is of lower degree 
than — i. 

For any such function the integral Qu must be greater than 
zero. There must therefiro be some one or more of such functions 
for which this integral is not greater than for any other. Let u 
be any such function. Let n -f nf be any other function satisfying 


(4) and (5), and for which therefore JJ u'frdS = 0. 


Then it can be shewn by the same process as in Art. 10 that 

oc (T, and =■ 0 at all points external to S, and that by 

dn 

properly choosing E we may make — = o- and = 0 as 

before, and that Q,/. This theorem also, as in the 

preceding, may be extended to the case in which ?<, instead of 
being zero, has assigned values at all points in the external 
space. 
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Again, as there always exists a function » satisfying the 
conditions, so it can be shewn that it has single and determinate 
value at all external points. 

For, if possible, let there be two functions u and u' of degree 

less than - i both satisfying the conditions, so that 

at each point on S, and or — tt ) = 0 at all 

external points. Then 

I dxdydz 

= ff {u-u’)V\u-u')dxJ,jdz 

= 0 , 

and therefore --=: -i-,&c., and ur=in'y since both vanish at 
(lx (lx 

an infinite distance. 

15.] Wo can shew also by the same process that there exists a 
function u satisfying the condition that = 0 at all points 

in the internal space, and ^ *^11 points on 5, provided 


//- 


// 


adS = 0. 

For if that condition were not satisfied, the condition 
wards = A might be satisfied by making n a constant, in 

which case Q„ would not have a mini^^iiim value greater than 
zero, and the proof would fail. In fact, if « = 0 everywhere 

within S, jj J^dS=0; and therefore cannot ho eqnal to <r 

at all points on S unless <rdS= 0. * 

If V2 u, instead of being zero, is to have the value p within 

5, the problem may be solved, provided fferdS =: fffodjsdwdz. 

as follows. 

Let jr be a function such that V^ir=z p at every point 
Within S, and therefore that 
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Then there exists a function V such that 


dv ^ dv 

at each point on 5, and F = 0 at each point within S, Let 
w = W. Then 

du dV dW ^ 

dv“ dv dv 
at each point on 5, and 

= ^*7+ v"ir = p 

at each point within S. * 

It can easily be shown also that if 74 and uf be two functions 

both satisfying the conditions, • , &c., atall points within 

and therefore n can only differ from n by a constant. 

16.] Let r be any functions of y and each ol‘ degree 
less than — J, satisfying the conditions 

\p + mq + nr = (T ( 1 ) 

at every point on 5, where o- is any arbitrary function, and 

dp da dr ^ . . 

at all points without S. 

Then we know that there exists a function u of degree less 
than — J satisfying the conditions 

du , du du du 

= l ♦- +m y +n - = or 

« V * dx dy dz 

at each point on 6 ", and 

d du d du d du ^ , , 

= — — + - - - + - - ~ = 0 ( 3 ) 

dx dx dy dy dz dz 

at all external points. Therefore the system 


* dy' ’’ d~ 

satisfies ( 1 ) and ( 2 ). 

It can now be shewn that the integral 


JJJ + dxdydz, 


VOL. 1. 



18 DEDrCTIONS FBOM GREEN’S THEOREM. [l 7 . 

extended throngliont tlie spaee external to S, has less value when 
p = &e., than when p, q, and r arc any other functions 

of degree less than — 5 satisfying (l) and (2). For if 

; + **> 


(lu (ht - fi'K 


dx 


+ "j + y 
ihj dz 


he any other three functions of the required degree satisfying 
(1) and (2), a, P, and y must satisfy 

Ia + mfi-\‘)iy = 0 

at each point on S, and 


da d3 dy . 

dx d}/ dz 


(4) 

(-) 


hidi 


dy 

at eacl\ point in external space. 

Then 

By integrating the last term by j.arts, and attending to (-1) 
and (.)j, we prove it to be zero. Because na, v fi, and I'y being 

of less degree than -2, the double integtals j'j'xcu/ydc See. 

vanish for an iniinitely distant surface. Hence the integral 


is less than 


Iff 




Iff 


(/ dll ^ ) 

( \lx 4" ® )“ + &c. J dx dy dz 


A corresponding proposition can be proved for the space 

w.tlnn i without restriction on the degree of/;, y, r, and «. 

1/ .J Ihe propositions of Arts. 1 4 and 1 5 can be extended to the 

case in which A- - is written fV.r t .i 

ih at the surface, and V^n 
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for at points in space ; and Art. 16 may be similarly extended 
to prove that 

1 


Iff 


+ 2* + »■*) dandy dz 


has a minimum value when 

d,u du 


du 

r=zK-,-> 

dz 


dx ^ dy 

K being in each case a given positive function of and and 

jj 

a* 


such that Kp &e. arc of lower degree than — 5, 



CHAPTEB II. 


SPHERICAIi HARMONICS. 


Article 18.] BejmUon.—li u be a homogeneous function 
of the u*^ degree in x, ij, aud r, satisfying the eondition V-« = o, 
where represents the operation 

(I- d’ 

then % is said to be a spherkd harnionk fnndion of tlie de"ree 
in a:, y, and z. 

If n be any function of x, ij, : .satisfying the condition 
V2?i = o, then every partial dilferontial coeflieient of u, as 

satisfy the condition 

For since the order of partial differential ion is indiflbrent it 
follows that ’ 

f/A+e+v,,, ^ 


19.] Let any point 0 be taken as .origin of rectangular eo- 
p ordinates, and let the coordinates of 

/ f (j’l Sf> *) Ijc any 

/ function of a-, >/, z. Let OJ[ be any 

^ and designated 
by /{, and let Q be any point in this 

Fig. 3. axis, and let OQ = p. 

>?i C be the coordinates of P 

to toe eia torouA 7" il^.r r"''-"’ 
the ratio ^ limiting value of 
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os p is indefinitely diminished, is denoted by 
It is clear that 

or If. 

is itself g‘enerally a function of z\ and therefore if another 
axis 0U\ denoted by be drawn from 0, we may find by a 
similar process 


and so on for any number of axes. 

If be any function of*a?, z satisfying the condition 
V^u = 0, and if denote any number of axes drawn 

from the origin, and the expression 

d d d 
dh~ 

be found according to the preceding definition, then 


vuA. :1 


) ?>t = 0. 


d/t^ dfh^ dh -^ 

For let be the direction cosines of the axis Then 

by definition 

du _ (/u dn dti 

= h '/■ -r + 'b T" • 

d\ ^ dx dy dz 

But by hypothesis 


Therefore 


= 0. 

„.,du „.ydu „odu 

VV’ ^ '7 ’ ^ 7” 

dx dy dz 


arc severally equal to zero. Therefore 

die 


and therefore by successive steps 
, d d 


d 
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20.] If 


i is a spherical harmonic function of degree — 1. 

* (/ ,1, a- 

dx‘ T »■* 

d‘ ,1, 1 3f 

Similarlj- ’ 




1 3s* 

. 1 — L — : 

^ + yS > 


r ■?“* 


/ j. a. — 4. -Li_r -- X — n 

21.] AVliatever he the directions of the /-axes ... llio 

function 

d_ £ d_ i Jf ) 
dh, ifk/ ' lihi V r r 

where M is any constant, is a spherical harmonic fimetion of 

ileftTce — {/-f 1). 

For it is evidently a homogeneous function of that degree, 
and since 


it follows that 


^'C) = o, 


d <l d ,.V* 

^ dh]' dh: ■■■ <f/«; ^7^ “ 


If we write this fimetion in the form I j — , J" is a function 

I _ j|.t -i- I I 

of Jf, the direction cosines of tlie axes Jj, /,., and those 
of r. To fix the ideas we may conceive a sphere from the centre 
0 of which arc drawn in arbitrarily given directions the /-axes 

inn, ' Ifz, - ir,. Then 

It oq be any radius, at every point P on OQ or OQ produced 

f,. has a definite numerical value, being a function of the di- 

ToP IIT f “"‘1 independent of r 

1, /2> ••• the fixed axes of any harmonic, P any 
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variable point, at P is spoken of as the harmonic at P with 
axes 

Since each axis requires for the determination of its direction 
two independent quantities, will be a function of the two 
variable mag’iiitudes determining the direction of r and the 2i 
arbitrary constant magnitudes determining the directions of 
the i-axes. Y^ may also be expressed in terms of the i-cosines 
Mu f^ 2 » ••• of the angles made by r with the i-axes and the 

cosines of the angles made by the axes with each other, 

2 

and an expression for Y^ in this form may be found without 
much ditTiculty. 

23.] If be a spherical hanmonic function of degree — (/-f 1), 
and if y = 4- 2 :^, then will be a spherical har- 

monic function of degree i. 

For by difrerentiation 

A(r-i+) jr.) _ 1) >•»<-> M;Fi + r»*+' 4^' , 

(JtX* w.'V 


= (2t+ 1) (2i-l) 
+(2t’+i) 

dV 

+ 2. (2 *+l 


+ r 


.2*'+l 


(hr 


Similar expressions hold for 

F,) ami F,). 

Adding tlicsc expressions, and remembering that 
u? + f- + ^ = 


y2(,.2i+ip.) = (2i+l)(2i + 2)»-’‘''-‘F,. 


+ r*‘+iV*Fi, 


vve obtain 
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but 

and 

Therefore 


rfr, 

+ y .nr + 


dx 


^ - 
dy ' ~ dz 

V* Vi = 0. 




y 2 (^ 21+1 = I (2 1 + 1 ) (2 1 + 2 )- 2 . (2 1 + 1 ) (/ + 1 } r * 

= 0 , 

and is a liomog'eneoiis fuiiciion of ./?, y, j of dogree /: 

and is therefore a spherical harmonic function of degree i. 

We have seen that , as above defined, is a spherical har- 
monic function of degree — (h 1*). 

It follows then that 

;5r oV r‘ Vi 


is a splierical harmonic function of degree /. 

23.] Every possible spherical harmonic function of integral 
positive degree, i, can bo expressed in the form r' J] if suitaljlc 
directions be given to the axes //,, A,, ... determining I]. 

For if Hi bo a homogeneous function of the /“* degree it 

contains arbitrary constants. Tlierefore being 


of the degree i 2 contains arbitrary constants. 

In order that V®//; may be zero for all values of x, y, and . , 
tlie coefficient of each term in V*/!,. must be separately zero! 

This involves relations between the constants in //,. 


leaving them independent. 

Therefore every possible harmonic function of degree i is to be 
found by attributing proper values to these 2i + l constants. 

But the directions of the i-axes .../i. involve 2 i arbitrary 
constants, making with the constant vl/, 2i+l in all It is 
therefore always possible to choose the f-axes u„d 

the constant M, so as to make 


«.2i+l 


d 


d M 
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24.] 

equal to any given spherical harmonic function of degree i. 
Therefore is a perfectly general form of the spherical har- 
monic function of positive integral degree i. 

Again, every possible spherical harmonic function of negative 

integral degree 1) can be expressed in the form ^ • 

For jf Fi be any spherical harmonic function of degree 
— (i+1), it follows from Art. 22 that is a spherical 

harmonic function of degree i. Hence, i being integral, it 
follows by the former part of this proposition that can 

always be expressed in the forifi by suitably choosing the 
axes^of Yij and therefore that F^ may«lje expressed in the form 


1 

Y. 

Therefore and are the most general forms of the 

spherical harmonic functions of the integral degrees / and 
— (?*+ 1 ) respectively. 

is defined as the finrface spherical harmonic of the order /, 
where i is always positive and integral ; and are called 
the solid harmonics of the order L 


24.] If and Yj be any two surface spherical harmonics 
with the same origin 0, and referi’ed to the same or different 


axes, and of orders i aiijj J respectively, and 



Y,YjdS be 


found over the surface of any sphere with centre 0,‘then 



Y^ YjdS = 0, unless i = 


i- 


Let IT- and 11^ be the solid spherical harmonics of degrees 
i and j respectively corresponding to the surface harmonics Y^ 
and J":, so that 

/7, = r*r,, 

Make U and U' equal to and IIj respectively in the equation 
of (jreen’s theorem taken for the sjiacc bounded by the aforesaid 
spherical surface, then 
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rrndiii djij aUj . aHj aiIj ) 

JJJ ‘ " ^ " 

because V-ZA and V^Hj are each zero at every point within the 
sphere ; 


and similarly, 


«//,_ i 

dv 


;• being the radius of the sphere ; 
that is 

I" l\ YjdS = J f Yj Y, dS. . 

or (i-i)JJr,r,(LS=0; 

therefore either 

i=j, or JjY.YjdS^O. 

25.] Definition , — The points in which the axes 
drawn from any origin 0 meet the splierical surfac(^ of radius unity 
round 0 as centre are called the poles of the axes Z/^, 

When all these poles coincide, the corresponding spherical har- 
monics are called zonal spherical harhiomcs solid and superficial 
respectively, referred to the common axis, and the surface sphe- 
rical harmonic of order i is in this case written Q,-. 

If fx be the cosine of the angle between r and the common 
axis in the case of the surface zonal harmonic Q* order i, then 
Qi is the coefficient of in the expansion of 


1 

>/ 1 — 2fxe + ^ 

in ascending powers of e. 
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Let OA be the common axis, and let OP be r and the angle 
POA be 0. 

In OA take a point M at the . p 

distance p from 0. Then if be A 
the solid zonal harmonic of degree rf / \ 

— (i + 1 ) corresponding to the sur- / \ 

face zonal harmonic Qi, it follows / 
from definition that 

V 

‘ ^dp' PM 

when p is made equal to zero after differentiation. 

Let p = er and let cos 0 = /x. 


Then V, = 7-- ^ 

(Ip 7* >/l — 2/uteH- 

But - = ~ and is constant : therefore 

(fp r 

d 1 d 


with e = 0. 


dp r de 


V. =: (i- ) > when e = 0. 

^ y/l^2pe-j-e^ 

But if ^ be expanded in ascending powers of ^ 

v' 1 — 2 jOl (? -}“ 

the coefficient of e* in the expansion is, by Slitclaurin’s theorem, 

— (-7 ) — — r- > when e= 0. 

\i ^de' y/i±2iJie + e^ 


Let it be denoted by Ai, 


Therefore 


r.. = 4^ 


r.= 5k<?<; 


Tlieioforc Q; = A j. 

Hence Qo = -^o = ^ Qi = — F* when p. = 1 

= 1 + e + e’ + &c., 

-/l — 2 ) 16 + 6 ^ I"”® 

and therefore each coeflBcient Q is unity. 
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It is evident from definition that the zonal surface harmonic 
at P referred to OQ as axis is equal to the zonal surface 
liarmouic at Q referred to OP as 

E 

/ ^ radius of a spherical 

/ \ surface S described round 0 as centre, 

I ° / Let P be any point within or without 

\. / S. Let OP = /. And, E beings any 

^ point on the surface, let PE = i>, 

Fig. 4. lEOP = e. Then 


D Vf“ + — ■ 2/ ^ cos 6 


1 +^r-2^.costf 


if / > a, 


= 7 ■ - -r^- if f < a, 

a / fi f ■’ ’ 

~7 *2i + y7<22+&C.,\ 

\ { f /2 4 accordinf 


according as/ > or < a. 


= 1^1 — 0 
f f 


or 

a a* 


according as / > or < «. 


Therefore, if/ > 

But ^ 

2 /^ -L . 1 _ -2/^+2/a coBg+r + «»-2Atcoart 

2/« cos 6 } 

f-a^ 

IP " 
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Therefore 

-j3-=2(2i + l)^Q,; 

and similarly if/ < a, 

a®—/® 

-7jr- = S(2*+l)^<?,. 

27.] With the same notation as before we can prove that 
r rdcT a 47ra . , 

JJ ^ without S, 

and ~3 = wlie»P is within S, 

the integrations being taken over the surface S. 

Let ?JOP = 0, and lot </j be Ihe angle between the piano <n 
EOP and a fixed piano through OP ; then 
d(T = sin 0 do d(l), 
rrdiT ^ r^sinOdo 

Also _ 2 «/cos 0 +/ ; 

. /V 7/1 

sm0ay = 

r rd(r 27ra C d D ^ 

•• JJ " 

the limits on tlu? right-hand side being 


sin 0 dO := 



/—a and 

/t« 

wdien P 

is external, 

and 

a — / and 

«+/ 

when P 

is internal 3 

m 

2Tta C 

‘ “ 7 1 

1 

/-« 

_ 1 I 
/+« j 

!- when P is 

► 


2'7Ta ( 

1 

_ 7.1 

► when P is 


/ 1 

«-/ 

«+7 ! 

1 

or 

IIP 

rt 4.71 a 4Tia 

— -c' £ 7 . and 2 ^2 

/ a-—/- 


in the respective cases. 

Hence 

CCp-ar , 47rrt" , 

Jr~j^ ‘"’—r 


O rn 


da =4 IT a 
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[28. 


for external and internal positions of P respectively, and for both 
cases 

28.] In the last case let F(E) be any function of the position 
of E on the surface which does not vanish at the point in which 
OP cuts the surface, nor become infinite at any other point on 
the surface, let be the surface zonal harmonic iit J? of order i, 
the common axis being OP, then, if P be made to approach the 
surface, ultimately shall 


ff Q,F{E)da- 
5jjQ,F(E)da + &c.'^. 


+ 5j 

For with the notation of the last Article let 


{f^a^)F{E)ilcT ‘ 

tlien when P approaches the surface and f is indefinitely nearly 
equal to a, every element of the integral vanishes except when 
I) is indefinitely small. In this case P is ultimately on the 
surface, and the integral has the same value as if F(E) were 
equal to P(P), its value at the point of S with which P ulti- 
mately coincides, or 

/= « ultimately. 

Til ere fore 

?«/=« u = F(p}. a<T 

= 4w« F {P) by the last Article. 

Suppose that/ is originally greater than a, then 

F(E)d<T; 


and F{P)=l^Ji 

4-770 •' 


Itto •' 


rrr-a^ 
’Vj IP" 
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And, by Art. 25, 

Jj ~f'\ +&c.|- 

Performing the differentiations and substituting, vve get 

+ 5j'jQ,F{K)d<T+&c.^. 

29.] If ¥i be any surface spherical harmonic of the order /, 
and if Q. be the zonal surface l^armonic of the same order and 
origin referred to any axis OP, and i(^d<r be an clement of a 
spherical surface of radius a described round the origin 0 as 
centre, then * 


II 




where (!’,) is the value of at P the pole of Q^, the integra- 
tions being over the s])h(Tical surface dS. 

Substitute for P(7f) in the last proposition. 

Then P(P) is the value of at P; 

Y, d<r 

+ 5 J'J' Q,^ Yf iZ tr + &c. I • 

And, by Art. 24, eacli double integral vanishes except 

II«. r„ 

if (1 j) denote the value of at P. 

By putting Yj = Qf we obtain 


Q:^dtr = 


4irrt* 

2i+ 1 ' 

since, by Art. 25, Q, = 1 at the pole. 


II 
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30.] If be a spherical surface harmonic, i.o. F{E) = i'j, 
then, whether P be on the surface or outside of it, 

- ^ .. .'Xf 


If 


F{E)d<Tz=4ftra^~F{P). 




f 


w V 

For 

by Arts. 24 and 2G, 


IP- 


— y/+l 

where (J’f) denotes the value of at the common axis of the zonal 
harmonics, that is, along OP. 

Therefore 

r — ((T • (t 

iI-jJ‘-F(E)d<r = .l^a{p (}',). 

31.] Consider()d as a fiinetion of fi deriv(»J by the expansion oi‘ 

, , the zonal harmonic Q. is called the Leanvln'^ 

^l^2fxe + e^ 

cf^fficienl of order ?, and is frecpiently written P^. 

We can prove the following properties of the coefficients P. 

{(i) As proved above, if fx = I, 

1 1 

/^7- ^ =1 = 1 -f f’ -f fcH &c. 

V 1 — I —c 

Hence, if m = 1, P; = 1 for all values of / ; if = - I, 

1 1 

/ * - - ■ I #1 — — &C. 

Hence, if /* = — 1, 7’; = + or — 1 accordin'^ as \ is even or odd. 

* v']- 2M« + e"» if = 1. 

Hence the series + ^ convergent scrie.s, 

(A) It is evident from the formation of P, as the coeflieient of 
r} in the expansion of 

(l--2fXf3 + e^)“i or (1 — 62^ 

htir* 

diff ^ f^\ and no powers of which the index 

trs from » by an odd number. Hence if i be even, P, has the 
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same value for +fjL us tor — /yt, and if i be odd the game value 
with opposite sign. 

Hence also /ut* can be expressed in terms of P<« 2 > 

(c) l'^^P,Pjdn = 0 if t 

^ 2 _ . 

2t+l * * 

For since fx = cos d, 

dfi = — einddd. 

Also 7^^ and Pj arc both functions of ii, and therefore of 6. 
Hence 

I' V. Pj dfx = ^ V. sill <? t/e' 

over the surface of a sphere of radius a \ =0 by Art. 2 i, unless 
And if i :=:J, 

(7) / P.^'dfJi = 0 if i > or if ^*—-2 is odd. 

/-I 

For expanding /x-' in terms of the 7^’s, the integral is resolved 

into a nuinher of integrals of the form f PiPj^fx, in each o] 

- -1 

which / 9 ^ /, and is thorefey'e zero. 

[e) To find the value of f ix’^P^dyL, where #c is any posit iv< 

•• 0 

number integral or fractional *. 

Let 7\. = afx' H- /3ft*"'® -f . • . . 

Then 




(k + i-H l)(K + i— 1) ... (k + 1) 


, if i be even, 


, if i be odd. 


~(K.Hi-fl)(K + t-l)...(K + 2)’ 

♦ See Todhuntor a Functions of Laplace, Laiiu^, and Bessel, Art. 3 1, 35. 
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Let i be even. Then if k has any of the values i—2, i-i, &c., 
or zero, the left-hanil ineniber 

i\d,x = lf_y r^dix 


aull therefore K = 0. 
It follows that 


= 0 , 


7v = \ . fc . K — 2 k~ 4 ... K — /-f 2. 

Also A is the coeffieient of the highest power of k ; therefore 
A = a + /34-y 
=i ^i(M) when fi == 1 
= 1 . 

Hence, if / be even, 


K . K — 2 . . /c — i -f 2 

((t + t+ 1) ()C + /— 1) ... (k-I- i) 


.'0 

Similarly, if i be odd, 

, n , K— 1 K— 3 ... K — ( + 2 

Jo '* (K + J+l)(/c + i'-l)...(K + 2)' 

If K be either an inte^'or or a fraction whos(? denominator 
when reduced to its lowest terms is odd, then 

if ix^l\ does not change sign with 

= 0 , 

if /x*P. dm?s change sign with fx. 

Hence any function, /’(fi), which can Ix^ expanded in a 
series of positive powers of whether integral or fractional, can 
be expanded in a .series of the form 


For we have 




= dj jPi^dn' 


2t+l 




2t+i ri 
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32 .] 


which determines A^, if f{fi) is known in terms of positive 
powers of jut. 

It is perhaps necessary to show that the series 

-^1 P2 + &c. 

converges, if f(jj) can be expanded in a converging* series of 
ascending powers of /x. 

For let be any term in the expansion of /(fx). Then the 
term in derived from this term in /(/x) is 

and the corresponding term in is 


2 1 4" 5 


/j 




y * 1 

dyi 


above obtained that, if i be lai’ge enough, Af^,j^ < A^, 

Now the series Pj + -}- P.j . . . converges. 

Hence Aq -|- A-^ h A.^ 4- &c. converges. 

32.] We liave hitherto regarded the eoelfieients Q or P as 
functions of fx derived from the expansion of 


-■ • --Lr== =zl^Q,e, + Q., e} + &c. 

V 1 — 2 fx 

We may however take for initial radius any line OC not 
coinciding with the common axis, and the direction of the 
common axis OIF of the 5S)nal harmonics may be defined with 
reference to this line by the usual angular coordinates, namely, 
6' = LIIOC, and c// the angle between the plane HOG and a 
fixed plane tlirough OC. In this case the angular coordinates 
defining the direction of OP or /• will be 6 and 0, and the 
cosine of the angle HOP will be 

cos 0 cos ^ + sin 0 sin 0' cos (0 — 0'). 

Now Qi is, as we have seen, a function of cos /TOP, and is 
therefore a function of 

cos 0 cos 0' 4* sin 6 sin ff cos (0 — 0'). 

It is evidently symmetrical with regard to 0 and 0\ So that 
the value of Qi at P, when Off is the common axis, is the same 
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as the value of Q, at II, when OP is the common axis, see Art. 2.5. 
In this form (?. is ealled a Laplace’s coefficient. 

33.] Of the differential equation which a sphericiil surface 
harmouic satisfies. 

By definition .any spherical harmonic v satisfies the equation 




If ^Ye change the variables to the usual spherical coordinates 
/, 0, </), where ^ 

ic = r mi 0 cos </)j // = r sin 0 sin 0, = r cos 0, 

the ecpiation becomes ^ 

J-u 2 ilu 1 d'u 1 (Pii cot d du ^ 

dr^ r d'r r dO^ r^siir d d0- e7 J ^ ' 

Let « = Then u is a spherical harmonic function of 

degree — (h l), and satisfies the above diUVrential ecjuation. 

Now r. = where }] is independent of r, therefore ^ 

is independent of /, wdieiice 

(i + l)r'n 0, 
dr 

and / (i + 1 ) + 2 (? -f 1 ) r’ f y-^ = 0, 

dr dr^ 

and . . 

dr- r dr ^ 

lienee tlie differential equation becomes 

+ (-> 

Let us now change the variable from 0 to cost), and ht. 
cos 9 = y. Then 

;^y+COtd^-^ = ^-^(8m»d^_). 

Substituting in the differential equation, wc obtain 
d 2,d») 1 d'^u 

dy r‘~’'^dy} + +»(* + 0« = 0; 
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or restoring for u, 

^ 1 ^ +*("+ ® 

^riiis is true for any spherical surface harmonic and therefore 
for the zonal harmonic Qi a particular case. 

In the case of the zonal harmonic, if the common axis be taken 
ibr the initial line from which 0 is measured, is, as above 
mentioned, written and is independent of </>. Hence P, 
satisfies the equation 

d C d P; ) . , . ^ _ 




34.] If we differeiitiate equation (4) of last Article times, 
we obtain the equation 

J/.+‘2 p fjk+l p ./'. p 

0 +{i+k+ ^ = 0 . ( 5 ) 

(l^P- 

From (4) and (5) above it appears that P^ and respectively 
satisfy the differential equations 




... ( 6 ) 


(P p 

We may also prove that P^ and Jii’e the only solutions ol' 

(G) both finite and integral in ft. 

For if in the former of equations (G) we write P^ ft for we 
obtain a differential equation in u which gives on integration 


= A-\~A 


' f. _ 

J 


where A and A' are arbitrary constants and the integral com- 
mences from some fixed limit ; 

... ,/ = Al\ + 

1( A' =r 0, y = ulP,-, an integral finite solution in ft. 
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It A'^0, the expression for contains the term 

tfp C 

7 ’ 

and therefore can he neither finite nor integpral. 

lienee 7\- or APf is the only finite integral solution in fx of 
the former of equations (6). And in the same way it may be 
flA'P . 

proved that is the only finite integral solution in fx of the 

(l fX 

second of equations (6). 

35.] By means of equation (5) of the last Article we mav 
generalise the proposition of Art. 24 by proving that 


r+i Ik p (Ik p^ 


.">* ’’ ' •' = 0 


= 2r+T'^* ^^^ 0 T^'— 1) {i—k+ 1) when i = j. 

For if \\c multiply the left-hand side of (5) of Art. .34 hv 
(1 — ju-)'', it may be written 

and changing k into k— 1 this becomes 

4^'}+(<+^)(*-i+ i){i -p-y-* = 0. 

But integrating by parts, we get 

J-^ ( (/y ,V ) ^ ./-i dy-* ’ 

since the integrated terms vanish ; and therefore 

. 1-1 ^ 

and therefore by successive reductions, 
r 5(1— y’ i\ j 

J-i \ dfi /‘ dn ^ 

^ = (»• F A) (i -1- A- 1) . (t _ A + 1 ) y ^ Pj flu ; 
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and therefore by Art. 31, 

36.] To expand in a series of cosines of multiples of 

(^ -<#>')• 

Since is the coeificient of e* in the expansion of 
{ 1 — 2e (cos 0 cos + sin 0 sin d' cos (</> — </>')) + 
it follows that the term in which involves cos^*((/)— (|)') must 
contain (sin 0)** as a factor, or in other Vords, that the required 
expansion of must be of the form 

% + 9i ((/) — (j)') + &c. + qj. cos k (0 — (j}') + &c., 

where rjj^ = (sin dy*/(cos 6), and the function denoted by / is 
rational and integral. 

If we perform the requisite dilfcrcntiations on Q,., substitute 
ill (G) of last Article and equate to zero the coefficients of 
cos A(</)— <^'), we obtain the equation 

(1— y^) ^—2(A;+l)y^+(i + ^'+l)(^--^’)/= 0, 

where y = cos 0. 

And since f is a finite integral function of y, it follows from 
Art. 34 that 

J - ’ 

where Aj. is independent of y or of 0, 

Noiv Qi is a symmetrical function of 0 and 6\ if therefore we 
denote cos 6' by / it will follow that Aj^ must be of the form 

d'^Pf 

% “t ’ 

^ dy''’ 

where P,. is the same function of y that is of y, and therefore 
that 

dP dP-' 

Qi = a, Pi Pf + a, sin Os\n(f -^‘ cos (</> - ^') f &c. 

+ Oj sin 0'‘ sin 0'*' cos k{<}>- <f/) + &c. 
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For most of the applications of Qi the actual values of tins 
numerical coefficients Ug, a„ Og are not required, they may 
however be determined without much difficulty as follows. 

37.] To prove that 


Oi. = 


For 




= a, P,. P/ + &c. + /- sill d * sin (K <• cos i (</. - </,') + &c. 

Square both sides and intc^i*iite witli respect to 0 from 0 to 
277 , remembering that the integrals of all terms coiitaluing 
products of cosines of unequal multiples of 0—0' are zero, and 
that the integrals of all quantises of the form (cos (0 — 0'))- 
are equal to tt and the integral of PfPl- is 2Tid-^ Pj;P{'^ ; 

,/,/. = ,7 1 2 (a., r, P'f + Ac. 

tV P. iPP' 'i 

+ (“i- liyi;' • Jyn S'n »'»> 0'’Y + &c. J . 

Again, integrate both sides with regard to y from — 1 to -f 1 , 
remembering that 

J-iJu 2 <4-1 

and we get 

477 f 

+ ""<’'>’+*«} (“> 

But if 0=e' and (p = <{>', Q. = i ; * 

477 477 f Ip P' t 

" 2i+T ~2tTT Bi«d'')"+&c.|. (/i) 

hor in this case Q. becomes 
‘'o a, j sin 6' 1'“ + &c. + a,, (sin ‘O' 'JJ + &c. 

The two expressions on the riffht-hand sides of (a) and (/3) 
,annot e equal for all values of 0' unless the correspondiny 
1 erms arc separately equal ; 
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But 


* 2 i+i n .d'-r^ . , 

/ I flip 2 

.yay = 2i:M ’ 


(i+z,)(i+^-i)...(i-^+i) 

38.] If r,. be any surface spherical harmonic of the order, 
then is a rational and integral function of cos 6, sin 9, 
cos </), and sin </>, for 

"•(V 


%.i+i 


| / iZA, V' 

Also if m, n be direction cosines of the axis h, 
(I . d d d 

- = I — +m— +71-J-; 
dh dx dy dz 


d 




,K 


dafih/dz^'^r^' 


where Ip means the product of p, /’s, and so of and and 
where p + o- + r = /. 

Sf ifii (;> = -1^ ’ »+“+«'=•! 

also X := r cos 0 cos 0, •J ^ r sin ^ sin (/>, z = r cos 0 ; 

^ .1 x'“ y” _ V • 

• * " ^ «.<+i ’ 


therefore }\ is of the form stated above. 

39.] Yi is of tlie form 

-• * fp p 

2,' { a^. cos k<f) + ii^ sin 1<I> | sin 0’' ~ . 

where a^. and )3^ are numerical constants. 

It is clear that we may assume the coefficients of eosk(t) and 
smk(l> in Yi to be and where Aj^ and B^ are functions of 
0 to be determined. 

Also we may assume Aj^ = a^ sin O^v, where is constant and 
V to be determined. 
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But Y. and tliereforo the coefficient of the cosine and sine ot 
every miiltiple of <p satisfies the second of equations (6) of Art. 34 ; 


(1 — — 2(A'+1)«?^ +(*+^’)(* + ^+^)® — 


,d'Pi . r 


2^ “t 1 




dy^ 


Now is to be a rational and inte<>ral function of y and 

yi— y2, which clearly cannot lip attiuned so lon^ as the second 
term in v remains; 


V = A 


<np 


k » 


= aj5.siu 




Similarly 


dy^ 


Bf. = ,3f. sin 0^' - 


d^P 

dy^' 


where and jSj. are numerical constants ; 

Fj. = 2 I aj. cos Z: </) 4- sin k (/>} sin > 

the constants and /3j depending* upon the directions of tiic 
i-axcs. 

It has already been proved, Art. 24, that 


,C = o 


unless i =y, and w^e may now sec that the same result follows 
Irom the general form ot the function 1\ or I j. 


For 

and 


d ^ P 

= 2 (a^. cos l'<f> + sin k (/>) sin 0^ -y . - » 

«y* 

Yj = 2 cos </) + pj' sin k <^) sin 0^ -Ij - . 

dy‘ 


If now we multiply by Yj and integrate with regard to 
(f) from 0 to 27r, all the terms will vanish except those in which 
the multiples of arc the same, and the result therefore will be 
of the form 
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If we again integrate with regard to y from 
result will be of the form 

, <V‘P, 


■ 1 to +1, the 


2 A 


y'Vnd)®*- 




dy^ 

and by Art. 24 each of these terms is zero unless i 
It does not follow that 


/ I n'lit 

Y,7jdyd<l> 

is always finite, inasmuch as the values of the may be such 
that although each term in the integral is finite, their sum may 
be equal to zero. The valugs of the A's depend upon the 
inclinations of the two sets of i-axes of the Yi and T/, and 
when these axes are so related that 


/ I r27r 

Y,Y/dyd^ 

is zero, the two spherical harmonics arc said to be conjugate. 

For example, take two spherical harmonics of the first order 
i; and 17 . If & and be the polar coordinates determining 
the axis of , and (Y' and those for the axis ol I ^ , then 
Tj may be easily seen to be 

cos 0 cos ^ -f sin 6 sin 6' cos (0— </>')> 
and similarly F/ is cos 0 cos 0'^ + sin 0 sin O'' cos (<p— 0 )> 
and 

r r^^Y^ Y^'dydcf) = ^ (cos cos 6>" + sin sin (K' cos 0' cos 0" 

' ^ + sin 81110" sin 0 ' sin 0 ") 

= {U' + 7njiY + wn'), 

o 

if I, 7 U, n be direction cosines of the axis ot F, 1 , 711 , 71 those 

of r. ’ 


* In a similar maimer the proposition of Art. 2G 


If' 




may 


av be deduced from the form of Pi proved in this article. 
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If therefore these axes are at right angles to one another, 
ri r2ir 

or two spherieal harmonics of the first order arc conjugate when 
their axes arc perpendicular to each otlier. 

For tlie second and higher orders there is no such simple 
geometrical relation. 



CHAPTEE III. 


POTENTIAL. 

AnriCLE 40.] Ie the forces acting on a material system be 
such tliat the work done by them upon the system in its motion 
from an initial to a final position is, whatever those positions 
may be, a function of the coordinates 'defining those positions 
only, and independent of the course taken between them, the 
system is said to be Conservative. The work done by the forces 
on the system in its motion from any position S to any given 
position which may be chosen as a position of reference, is 
defined to he the potential energy, or shortly the potential, of 
the system in the position 8 in relation to the forces in question. 

If wc denote by 11 the potential, and by T the kinetic, energy 
of the system, then, as shown in treatises on dynamics, T-\- U 
is constant throughout any motion of the system under the 
influence of the forces in question. If q be any one of the 
generalised coordinates defining the position of the system, if. 

follows from definition that - is the work done by the 

itq 

forces on the system as j'lbecomes §'+3^, and therefore the force 

V . . dU 

tending to increase the coordinate qis — • 

If the system be a material particle of unit mass, situated at 
the point P, wc may without inaccuracy speak of the potential 
as iXvi potential (ff the forces at P. 

41.] We arc in this chapter concerned only with forces of 
attraction and repulsion to or from fixed centres, the force; 
varying inversely as the square of the distance from the centre. 
Now if the central force be any continuous function of the 
distance, whether varying according to the law of the inverse 
square or any other law, a potential exists. 
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For let there be at 0 a particle of matter of mass m which 
repels any other particle of mass ;// with the force where 

/(/) represents any continuous function of r, the distance between 
m and m' ; then it can be shown that if 0 bo fixed, the work 
done by the force upon fJi' as m' moves from a point at the 
distance from 0, to another at the distance r.^ from 0, is a 
function of and the initial and final values of and of these 
quantities only, and is independent of the form of the curve de- 
scribed by m' between these initial and final positions, and of the 


directions from 0 in which the distances and r., are measured. 

For at any instant during the motion let ni be at P, and let 
•Q be a point in the course indefinitely 
near to« P. Let l^Q = dsy the angle 
• OPQ = </), OP = r, OQ = /• + fir. 

In the limit, if Q be taken near 
enough to P, the force of repulsion may 
be considered constant, as m' moves 
from P to Q, and equal to mm'f{r). 

Therefore the work done by the force in moving the repelh‘<l 
particle from P to Q is or 7Htnf{r)dr, and is 

independent of (p if dr be given. 

Therefore the whole work done by the force in the motion 
from distance to distance from 0 is 



mw' / /{r)drf 

J rj 

and depends upon and and these quantities only. 

We have for simplicity considered m fixed at 0, Imt the proof 
evidently holds if both w and v/i be moveable, and move from a 
distance r^ to a distance apart under the influence of the 
mutual repulsive force mmy{r). If the mutual force had been 
attractive instead of repulsive, in other respects following the 
same law, the expression for the work done would be the same 
as that for the repulsive force, but with reversed sign. If in 
any case on effecting the integrations the expression for the 
work done prove to be negative, this result must be interpreted 
as expressing the fact that positive work is done againaty and 
not the force in the motion considered. 
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In either case, whether the force be repulsive or attractive, 
the work done is proved to bo a function of and only, and 
independent of the course taken between the initial and final 
positions of 7th, 

We have thus shown that if ^(r) be any continuous function of 
the distance between the two particles m and a potential exists. 
At present, as above stated, we are concerned only with the 

case in which /{/) the work done by the 


mutual force between m and m'j as their distance varies from Vi 

rr^ 2 

to ^ 2 > is, if the force be repulsive, tnm' \ that is 

and if the force be attractive 


-mm ; 


LI 

^ 2 ) 


42.] We shall now consider two kinds of matter, such that 
two particles, both of the same kind, repel one another with a 
mutual force varying directly as the masses of the particles, and 
inversely as the square of the distance between them, and two 
particles of different kinds attract one another according to the 
same law. 

Then the work done by the mutual force between two par- 
ticles m and as they move from a distance r^ to a distance 
apart, is, if the masses bc^of the same kind, and therefore the 
force repulsive, , , ^ 

mm\ > ; 

^ 2 ) 

and if they be of different kinds, and the force attractive, 




If now we agree to regard all 2 )articles of one kind of matter as 
positive^ and all particles of the other kind as negatirCy wo can 
combine both results under one formula 


mm 


^Ln. 

\ri rgj’ 


in which m or m' may have either sign, expressing tho work 
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done by the mutual force between m and 7/1' in the motion from 
distance ri to apart. 

Finally, we will take for the position of rcicrcnce to which 
potential is measured, the position in which the two particles 
are at an infinite distance apart, that is, in which is infinite. 
Tlion we shall arrive at the following definition. 

The potential of two material particles m and distant r from 
each other, is the work done by the force of mutual repulsion as 

X r., I 

when r.2 is infinite, that is > and is i)ositivo or negative 

aecording as m and m' are of the same or different kinds of matter. 

In physics a body which is within the range of the action of 
another body is said to be /« //le Jiehl of that other body, and 
when it is so distant from that other l)ody as to be sensibly out 
of the range of its action it is said to be ont of the fell. 

The following definition is ther^bre equivalent to tlie one above 
adopted. The potential of tiro material particles dhtanl r apart 
ie the work done htj their inutnal repulsion as they move front the 
distance r apart to such a distance as to he out of the field of one 
another s action, attraction heiiuj included as negative repulsion. 

Taking w' = 1, we define — to be the potential of m at a 
point distant r from m. 

43.] The potential at any point of any mass occupying a finite 
portion of space is evidently the 'sum of the potentials at 
that point of all the particles of which the mass is composed. 
Itm be any particle of this mass, and r the distance of m from P, 

the potential of the mass at P is 2®, where the summation 

extends throughout the mass, or if p be the density of the mass 
at a?, y, z, the potential is 



p dx dy dz 
r 


Let this potential be denoted by V. 

44.] The repulsion at P of a mass at 0 resolved in 
irection is the rate of diminution of the potential of the 


any 

mass 
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per unit of length in that direction. This is a particular case 
of the general theorem proved above, that the force tending to 

increase any coordinate is — 

If V be the potential of the particle 7n, and ds the given 
direction, 

ds dr ds 

m dr m . , v 

= the repulsion resolved in ds. 

And this proposition being true of every particle of which the 
mass is composed is evidently trije of the whole mass. 

Hence, if V be the potential at P of any mass the re- 

dV 

pulsion of the mass in the direction indicated by ds is — — » 

45.] IfS he any closed svrface^ dS an element of its are% N the 
repulsive force at dS resolved along the normal to dS measured 
outwards arising from a ]iarticle of matter of mass m placed at the 
point 0, then if the integration extend over the whole surface 
ff NdS =: 47rwi, if 7n be vnthin S; 
and ff NdS 0, ifm he tnthout S. 

Let a line drawn from 0 in any direction cut the surface S at 
the point P distant r from 0, and let this line make the angle 0 
with the surface S at P. 

Let a small cone with solid angle d(o be described about OP 
as axis, cutting off from S in the neighbourhood of P the ele- 
mentary surface dS. 

^*2 d 

The area of dS is equal to — - , also the repulsion at P 

m 

from 0 is — , and the resolved imrt N of this repulsion in 
the direction of the normal to 5 at P drawn outwards from S is 
+ ^ sin 0 or — — sin </>, 

according as OP is passing out of S from within, or into S from 
without ; 

.*. NdS^^-hmdwj or ’—mdeo 
in the two cases respectively. 

VOL. I. E 
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But if 0 be within S, the line drawn from it in any dircetion 
as above must emerge from S one time more than it enters 
itj and therefore the sum of all the values of KflS for this line 

Taking tbe corresponding sum for all lines drawn from 0 we 
the integTal//3’f/5, and therefore 

f/y JS -+m /tU = 4 irm ; 
since the sum of the solid ang^les about 0 is 4 tt. 

If 0 be without S the line drawn from it in any direction 
must meet S in an oven number of points, and tliererore i\w 
sum of all the values of XtHS for every such line must be zero ; 
therefore in this case 

/AVttS*=0. 

This proposition is true for any particle within or without ^ 
respectively. 

Therefore it follows that if any quantity of matter of mass 
M be distributed in any manner within a closed surface* iV, and 
if y be the repulsive force of that matter at any point on 
resolved in the diroi lion of the normal at that point drawn 
outwards, then 

//\Vd5=4 7rJ/. 

And, similarly, that if .Vbe without ^S’, then 
y/.Vf/.S=(); 

(IT 

and writing — for A, by Art. 41 we have 


ill the two cases respectively. 

46.] It follows from Art. 45, that if p, the density of matter, 
be finite in any ])ortion of space, the first differential coefficients 


of J cannot be discontinuous in that portion of space. 

For consider a cylinder whose axis is parallel to iv and of 
length I, Let the proposition be applied to this cylinder. If I be 
very small compared with the dimensions of the base, we may 
neglect that portion of the surface integral which relates to t h<* 
curved surface, and the proposition becomes 
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in which the surface integral is taken over the ends of the 
cylinder, and the triple integral throughout the interior space. 

dV . , ' 

Also in the surface integral -j- is the rate of increase of V with 

the normal measured outwards from the enclosed space, in the 
case of both ends of the cylinder. If it be measured in the same 
direction in space for both ends, the surface integral may be 
written 


Now if p be finite, the triple integral ultimately vanishes when 1. 
and therefore the enclosed space, become infinitely small; and 



continuous. Therefore also V cannot be discontinuous. 


Efpialions of Poh,wn and Laplace. 

47.] In the equation of Green’s theon‘m let Tbe the potential 
of any distribution of matter of which the density p is every- 
where finite, and therefore such that ^ j and - 7 - are con- 

lU (hj dz 

tinuous, let 8 be any closed surface, and let ?/= unity. Since 

du- dn' , dti' .. , 

T— j - / - > and - 7 — are zero, the equation becomes 
dx dy dz 


dV 




But — is the repulsive force of the matter referred to 
dv 

resolved in the normal to S outwards from the surfiice clement 
dS. And therefore by Art. 45 


Therefore also 


_ j'Jj V^Vdxdydz = JJj iirpdxdydz. 
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Since this equation holds for every possible closed surface, it 
follows that V- 4 TTp = 0 

at every point. This is called Poisson’s equation. 

At a point in free space p = 0, and the equation becomes 

v'r=o. 

This is called Laplace’s equation. 

It follows as a corollary from Poisson’s equation that if V be 
the potential of any material system at a?, y, -r, 

wherc = (.« + (y — if'f + {z—»y * ; 

and the integral is throughout all space. 

48.] Laplace’s equation can bo deduced by direct differentiation 

of For if the density of matter at x', /, / is p, the potential 


at X, y, r is 


r= 


_ CCi' 


pdx'd/dz' 


JJJ V {x — x'Y + {y- /Y + (* — 

_JJj pdx'd/d/ 


Now if 0, or X, y, z, be any point not within the mass, the 
limits of the integration are not altered by any infinitely small 
change of position of 0. Hence wo may place the symlx)l 
under the integral sign, and obtain 

But if 0 be within the mass, we cannot, in forming the triple 
integral for F, include in integration the point 0 at which the 

element function J becomes infinite. It is necessary in this 

‘iinuSr ", the 

of course, be made the foundatien of an1^rpe^S^t1^“^&Xe"tLT' 
V*P + 4ir/>» 0. 
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case to take for the limits of integration some surface inclosing 
0 and infinitely near to it, and to form K as the sum of two separate 
integrals, one on each side of that surface. Hence any infinitely 
small change of position of 0 involves in this case a change in 
the limits of integration, and we are not at liberty in forming 
to insert under the sign of integration. This is the reason 
why Laplace’s equation fails at a point occupied by matter. 

49.] definition. We have hitherto supposed the matter with 
which wo have been concerned to be distributed in such a 
manner that the density p is finite, or in other words that the 
mass vanishes with the volume of the space in which it is 
contained. According to this conception the mass of a small 
volume do of density p, is pdv^i.e. p is the limiting ratio of the 
mass to the containing volume when that volume is indefinitely 
diminished. At all parts of space for which this condition is 
satisfied we have obtained the equation 
V‘^r+47rp=0, 

if r bo the potential of any distribution at the point at which 
the density is p. 

It may, however, happen that p becomes indefinitely great at 
certain points. The distribution may be such that although the 
volume becomes infinitely small the mass comprised in it may 
remain finite. 

Suppose such a state of things to hold at all the points on a 
certain surface? S, so that the mass of matter comprised between any 
portion of this surface, an*adjacent surface 6" infinitely near to it, 
and a cylindrical surface whose generating lines are the normals 
to S along its bounding curve, remains finite however close S' is 
taken to S, then if the mass vanishes with the area of S, inclosed 
by this bounding curve, we call the distribution superficial in 
distinction from the volume distribution hitherto considered. 

In this conception of superficial distribution we disregard the 
distance between S and S' altogether, and we say that the mass 
corresponding to an element of surface dS is erdS, where o- is the 
superficial density, or being in other words defined as the limiting 
ratio of the mass corresponding to, or as we say on, the surface 
dS to the area of dS, when dS is indefinitely small 
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Still further there may be points for which not only p, but a- 
also, is infinite, and such that if a line I be drawn through 
these points, the mass of the superficially distributed matter 
comprised between this line an adjacent indefinitely near and 
jiarallel line and perpendiculars to / at its extremities remains 
finite, however near ^ be taken to 1. In such cases the distri- 
bution is said to be linear, and neglecting as before the distance 
between I and I', we say that the quantity of matter corresponding 
to, or on the element ds of I is Xds, where A is the linear density 
at ds. 


50.] On the modification of Pomon's equation at points of 
superficial distrilmtion if matter. 


Let dS be an clement of the surface, and let us form on dS 
a cylindrical surface like that mentioned in the definition of the 
last artielo. 

Lot p be the uniform density of matter within that cylindrical 
surface. If dS^ denote any element of that surface, including 
its bases, we have by Art. 13 


In tlie limit, when the l)asos of that cylinder become infinitely 
near each other, the right-hand member ot* this e([uation becomes 


— elements of the normal on 

either side of S, measured in each case from 6', the left-hand 
member becomes rr j y 

JJ be + 


or 


dV dV 

- + T-^ + d^ro- = 0*. 
du dv 


* 1 ho cases of finite and infinite p have boon considered separately, with the 
view to their physical interpretations. There is no exception in any case to the 

equation v'‘V + iirp = 0, bccaueo, v’F becomes infinito whenever '-J-, See. are 
discontinuous, i.e. wlien p is infinite. ^ 
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51.] The mean value over the surface of any sphere of the 
polmtial due to any matter entirely without the sphere is equal to 
the potential at the centre. 

for let a bo the radius of the sphere, r the distance of any 
point in space from the centre, Jeo an element of the surface. 
Then denoting by V the mean value of V over the sphere, we 
have 




Va^dfo, 


= - - Vdm, 
47r 


dV 


''dV . 




rM 


dV 

dr 


C^d(iiy 


but 


(IF 


If 


ardoi = 0 by Art. 45. 


Hence ^ ~ = 0 or F is independent of the radius of the 

sphere, and therefore equal to tlie potential at the centre. 

Corollary. The potential of any matter uniformly distributed 
over the surface of a sphere, at any point outside of the sjdiere, is 
the same as if such matter were collected at the centre. Hence 
also the potential of a uniform solid sphere at any point outside 
of it is the same as if its mass were collected at the centre. 

51 / 7 .] The mean value over the surface of any sphere of the 
potential^ due to any matter entirely within the sphere^ is the same 
as if such matter were collec}ed at the centre. 

For using the same notation as before, and denoting by J/ the 
algebraic sum of the matter in question, we have iu this case 


dV 

dr 




, A 1 - /f- 

- , by Art. 4o, 

47r^r 


Af 


M 
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and r = — > no constant being required, since F vanishes when 
r 

r is infinite. 

52.] The mean potential over the surface of an infinite cylinder 
due to a uniform distribution of matter along an infinite straight 
line parallel to the axis and outside of the cylinder is equal to 
the potential on the axis. 

For let a be the radius of the cylinder, I its length, 0 the 
angle between a radius of the cylinder and a fixed plane through 
the axis, r the distance of any point from the axis. Let T be 
the potential, V its mean value. Evidently if r be given, is 
a function of 6 only. « 

Then we have j'j 


IhtdOV^ 


V = 




dV 

dr 


Jladd 


dr 


2Trla 


= 0, by Art. 45; 

because that part of the normal attraction which relates to th(‘ 
ends of the cylinder may be neglected. 

It follows that r is independent of r, and is therefore equal to 
the potential on the axis. 

It follows also that the potential at any point outside of a 
cylinder of a uniform distribution of matter over the surface of 
the cylinder, or throughout its interior, is the same as if all 
the matter were uniformly distributed along the axis, and there- 
fore that the potential of such a unilbrm distribution at any 

point outside of it and distant r from the axis is f — dx, 

*^-00 

where p.Adx is the quantity of matter corresponding to a length 
dx of the cylinder. 

That is, pA . (6— 2 log r), where C is constant. 

53.] The potential of any distribution of matter can never 
be a maximum or minimum at any point in a region not occu- 
pied by any portion of that matter. For suppose the potential 
to be a maximum at any point 0, and describe a small 
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(IV 

sphere about 0 as centre. Then > the rate of increase of V per 

dv 

unit of length of the normal ta the sphere measured outwards, 
mustj if the sphere be small enough, be negative at every point of 
the surface. Therefore 


therefore 


diS is negative ; 
JJJ p dxdydz is positive ; 


or there must be positive matter within the sphere, and as this 
is true for any sphere, however small, described about 0 as 
centre, there must be positive matter at 0. Similarly, if Fhe 
minimum at 0, there must be negative matter at 0. V can 
therc^fore never have a maximum value except at a point situated 
in positive matter, and never have a minimum value except at a 
point situated in negative matter. 

53«.] If Vhe constant throughout any finite region free from 
attracting matter, it has the same constant value at every point 
of space which can be reacdied from that region without passing 
through attracting matter. 

For let the whole of space in which F is constant w-hich can 
be so reached from the given region be comprised within the 
closed surface S, 

Then on S, F either increases or diminishes continuously out- 
wards. Let a small closed surface /S' be described lying partly within 
S, and j)arlly outside of it, and in the parts where F increases out- 


wards from S, The normal integral JJ dS' applied to such 

surface is not zero, and therefore the interior space must be 
occupied by matter. But there is no matter in the portion of 
the small closed surface within S, therefore there must be 
matter in the closed surface immediately outside of S. 

53 bJ\ If two systems of matter have the same potential 
throughout any finite portion of space bounded by a surface 5, 
they have the same potential at all points in space which can be 
reached from that portion without passing through any matter 
of either system. 
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For let r and F' be the potentials of the two systems, so that 
y=z V' throughout the space enclosed by S. If possible let F be 
greater than F' in some region contiguous to 8. Then we may 
describe a closed surface S', partly within and partly without 8, 

dF 

such that on the part without 8, is everywhere greater than 

• It follows that for such surface 

dv 




But unless there be attracting matter belonging* to either system 
within S' both these quantities are zero, and they cannot there- 
fore be unequal. . 

54. ] The propositions of the last article can filso be extended 
to the ease where F is given cupial to F'y not throughout any 
finite portion of space, but only at all points in a finite straight 
line, provided that both F and F' be symmetrical about that 
line as axis. 

For wo must suppose that there exists some space about ilio 
given line which contains no matter of either system. \Ve 
may describe wholly within that space about the given line as 
axis a right cylinder of very small section. For that cylinder 

both and jj dS must be zero, and therefore by 

the symmetry about the axis F cannot differ from P ' at any 
point upon, or within, the cylinder. And F being proved eijual 
to V' at all points within the cylinder, the case is reduced to 
that of Art. 53 

55. ] Let /", instead of denoting a potential, be any spherical 
solid harmonic, and let S be any closed surface not enclosing the 
origin. Then by Art. 6 

the integrals being taken over and throughout S respectively. 
Writing 4-77^ for — we obtain the result of Art. 45 as a 
particular case of the general theorem. Hence the propositions 
of Arts. 53 and 54 may be extended to the case in which F or F'y 
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instead of being a potential, is any spherical solid harmonic. If, 
for instance, the potential of a given mass be proved equal to a 
certain spherical solid harmonic U at all points within a certain 
region, as the finite space 5, or the given length of the axis of a 
symmetrical system, it can be shewn that the potential is equal 
to U at all points which can be reached from the given region of 
equality without passing through any matter of the system. 

Further, instead of being a single spherical solid harmonic, 
may be an infinite series of such harmonics, and the proposition 
will still be true for all space which can be reached from the 
given region of equality without passing through any matter of 
the system, or through any point where the series V ceases to be 
convergent. • 

56.] If the potential due to any distribution of matter on a 
closed surface S bo constant at all points on x?, the superficial 

\ dV 

density, <r, is equal to ^ point on the normal 

being measured from S on the outside of it. 

For since the potential V is constant at each point on and 
satisfies V-/ = 0 at all points within S, it has by Art. 7 the 
same constant value at all points within 5. Hence in Poisson^a 
d V 

superficial equation j—, = 0, and therefore 


dY 

dv 


+ 47ro- = 0, or 


J_ dV 
471 dv 


But whether the potential be constant or not, the algebrai(* 
sum of the distribution over S is 


1 

47r 


If 


dS , by Art. 4i>. 
dv ^ 


57 .] It is always possihh to form one^ and only one, distribution 
of matter over a closed surface S, the potential of which shall have 
any arbitrarily given value at each point of that surface. 

For, as we have x}roved in Art. 7, there exists one determinate 
function u which has the given value at each point of S, and 
satisfies V-/^ = 0 at each point in the infinite external space, and 
vanishes at an infinite distance. 

And there exists one determinate function n' which has the 
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given value at each point of <9, and satisfies — 0 at each 
point within S. 

Then a distribution over S, whose density is 
1 i dti (h(f ) 

47r i dv dv J * 

the normals being measured from aS, dv on the inside, and dv 
on the outside of the surface, is the required distribution. 

Tor let a small sphere S' be described about any external 

point, Q, as centre. Let T = | where r is the distance of any 

point from Q* 

Then, applying Green’s theorem to the space outside of S 
and S'y we have with the given^eaning of d v, 

If Iff 

=// ’■ It 

Now V“U = 0 and V- F = 0 at all points w^ithin the limits of 
the triple integral, and 

if Uq denote the value of u at Q, Also JJ V -J dS" vanishes. 
Therefore the equation becomes 

(A) 

Again, api)lying Green’s theorem to the space within S, we 
have with the given meaning of di^ 

j’J dS+ Vdxdijdz 

^ If Iff 

or since both =0 and it' =1 0 everywhere within S, 

(B) 

(ir (IF ^ ^ 

~ Ifv ~ WF ” ^ actually on S, however near to 
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S it may be, and u = u' on S, lienee^ subtracting A from 
we have 

But if P be any point on /S', P at P = ^ 


PQ 


Therefore 


Uq 


-hii 


du du' 
dv dv^ 


PQ 


dS. 


Now the right-hand member is the potential at Q of the 
supposed distribution whose density is 

1 ^ du du' } 

4.TT Idi/^ dv \ 

It follows that this potential is equal to Vq at every point 
outside of /S, however near to S ; and therefore, since the potential 
is a continuous function, has the value of u, or the given value, 
at each point on S, 

Similarly, if Q be an internal, instead of an external, point, wc 
can prove that the distribution over S whose density is 


1 (du dn'\ 
4 TT ( d i; ^ dv'\ 


has for potential at Q, 

And the functions u and td being both determinate, their 

differential coefficients ^ and are determinate and of single 
, dv dv ^ 

value. 

58.] If /Si ... /S„ be any closed surfaces, there exists one and only 
one distribution of matter oWer them whose potential u satisfies 
the following conditions, viz, 

n = 6\, constant, but arbitrary at all points on /S^, 
u:= C 2 , constant, but arbitrary at all points on ; 

&c., &c. And 

JJ dSi = Cj over 


If: 




: Cj over ^2, 

and so on, and ti vanishes at an infinite distance. 
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For we have proved in Art. 10 that there exists one deter- 
minate function u satisfying the above conditions. It follows 

that has a single and determinate value at each point of each 
dv 

of the surfaces. Then if we take for density of the distribution at 

each point ^ , we can prove exactly as before that the 

^ 4ir av 

potential of the distribution so formed at any point external to 
the surface is v, and therefore satisfies all the conditions. 

59. ] The proposition of Art. 57 may be extended to an unclosed 
surface thus. Let 8 be an unclosed surface, S' a similar and equal 
surface so placed as that each point on S' shall be very near to 
the corresponding point on S. If we now connect the boundaries 
of S and S' by a diaphragm we* obtain a closed surface. Let a 
distribution be formed on this closed surface having potential / 
on S, and at each point on S' the same potential as at the corre- 
sponding point on S. Lot a and a' be the densities of this 
distribution on S and S' respectively. Then ultimately, if S' be 
made to coincide with S, wc obtain (r-ho*' as the density of a 
distribution on S which has potential F at each point on S. 

60. ] If two systems of matter, both within a closed surface S, 
have the same potential at each point on S, then 

(a) they have the same potential throughout all external space. 
For let F, V be the potentials of the two systems respectively. 
Then V = V' on S, 

~ 0 and V' = 0 at all points in the external space, 
V and P are both of lower degree than — J. 

Hence, by Art. 9, F cannot differ from ? ' at any point in the 
external space. 

(i) The algebraic sum of the matter of either system is e([ual 
to that of the other. For the algebraic sum of the matter 
within S wdiose potential is F is 



the normal being measured outwards on the outside of 8, by 
Art. 45. Now, since r= P at all points external to 5, 

dV _ dr 

d.v dv * 
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_ JL „ 

4 ?! JJ dv dv 

(c) The two systems have the same centre of inertia. For 
taking for the plane of y, z any arbitrary plane, and applying 
Green’s theorem to the space within any closed surface 
enclosing 5, we have 

JJ r%dS'. 

JJ X 'JJlS'-JJJ xVT'dxdijdi = j'J V'^^dS', 

^ ir i dV dV’ . 

dv , dv 

JJJ x^^Vdxdydz =JJJ xV^Y'dxdydz. 

And therefore if m' be the quantities of matter of the two 
systems respectively within the clement of volume dxdydzy 

JJ'j* mxdxdjjdz = j'J'J ni'osdxdydz, 

which, as the direction of x is arbitrary, proves the proposition. 
Jd) The two systems have the same principal axes. For 

JJ xy-J--dS'-JJJ xy'^^^d.vdydz= JJ V -^~dS', 

JJ’^tJ •'^'-JJJ =//r 

and therefore 

JJJ xymdxdydz^:=. JJJ xym^dxdydz; 

and if the axis of x: be a principal axis of one system, it is a 
principal axis of the other system. 

(e) If A, j9, C be the jirincipal moments of inertia of one 
system, those of the other are A' =1 A ^ A, A' = 7i — A, 
C' - C^K. For 

/ f f, •“'-/// =//'' V ■'*' 

'JJJ ^Vdxdydz, 
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2V' dxdydZf 


and therefore 


JJJx^mdxdijdz = JJJ x^m'dxdydz + 2 JJJ {V--V')dxdi/dz. 

Similarly 

" j*JJ l^mdxdydz = JJJ y^m'dxdijdz + 2jJJ(y—V')dxdydz. 

Therefore C' = (7- 4 JJJ ( V')dxdydz = (7- /i . 


Similarly, i?' = ^— A', 


Definition. A body which has the same potential at all points 
outside of itself, as if its mass were collected at a point 0 within 
it, is a centroLanc body^ and 0 its centre. 

It follows from (e) that if a body be centrobaric, its centre is 
its centre of inertia. 

61.] It follows from Art. 59 that a distribution of matter 
always exists over a surface S which has any given constant 
potential at each point of S; and therefore that any given 
quantity of matter can be distributed over S in such a way as to 
have constant potential at each point of S. Such a distribution 
is defined to be an eqiiipotential distribution. 

Definition, If M be the algebraic sum of a distribution of 
matter over a closed surface whose potential has the constant 

M 

value V at each point of that surface/ ^ cajmeiiy of the 

surface. 

The capacity of a sphere is equal to its radius. For tlie sphere 
being charged to potential F, the potential, being constant over 
the surface, must have the same constant value V at the centre. 
But if M be the algebraic sum of the distribution, the potential 
M 

at the centre is — j where a is the radius. 


M 


a 


V, 


or 


Y 


a. 


We have then 



65 


63.] THEOREMS CONCERNING THE POTENTIAL. 


If 8 be an equipotential surface to a system of matter wholly 
within it, and F be the potential of the system on 8, the capacity 
M 

of iS is y-i where M is the algebraic sum of the matter of the 

enclosed system. For, by Art. 60, M is also the algebraic sum of 
a distribution over 8 which has potential F at every point on it. 

62.] If F be the potential of any distribution of matter over 
a closed surface 8^ and if o-' be the density of a distribution of 
matter over 8 which has the same potential at each point on 8 

as that of unit of matter placed at any point 0, then 

the potential at 0 of the first distribution. 

For let or be the density o^ the first distribution, F' the 
l^otcntial of the <r' distribution, r the distance of any point from 
0. Then on /S, 


r=i. 

r 


and 


dV' dr ) 

^d7r 


And 


^ II 


r<T'ds 


^ ~ ivl dv ^ di^ ) 
477 ( dv 

=-m 

=-r.F'< 


dv 


dV dV. 




dv dv' 



= the potential at 0 of the first distribution. 

63.] If 8 be a closed equipotential surface in any material 
system^ and if p, p' denote densities of the matter of the system 
inside and outside of 8 respectively^ and if R he the force due 
to the whole system at any point on 8 in the direction of the 
normal measured outwards^ then the potential at any external 
point due to the internal portion is equal to that of a dis^ 

trihution of matter over 8 whose density is poten^ 

tial at any internal point due to the external pension differs 
VOL. I. F 
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from tJiat of a diitribntion over 8 whose density is — , ly 

the potential of the surface. For if we take for origin any pojnt 
outside of 8, and if V be the potential of tlie entire system, wc 
have by applying Green’s theorem to the space inside of 8, with 

n = F, and u' — - » 

where is the constant value of V on 5, 

= 0, since JJ ~ 

and V“ is zero at all points within S, 

The equation therefore becomes 


But 




dV 

dv 


-R, and V-r = -.47r/>. 


H»» //I 

which proves the first part of the proposition. 

Secondly, it we take for origin a point inside of S, and 

apply Green’s theorem to the external space, with V and ^ for 
u and 7 /, wo obtain 


fjl * 

= 4irF„ since JJ~-ldS=z4v 
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in this case, and as before = 0. Also in this case, the nor- 

r 

xrfal is measured inwards from 5, and therefore 
dV 

-^==7?, also V®F=-4ir/o'. 


Hence the potential at any internal point of the distribution 

R 

— iT ^ differs by a constant quantity from that of the 

external portion M\ and therefore the force due to the distribu- 
tion ^ over 8 is equal to that due to the external portion. 

Hence it follows that the force %t any external point due to the 
internal portion is equal to that due to the distribution 

4 TT 

over and the force at any internal point due to the external 

portion is equal to that of the distribution — ^ • 

64.] To express the potential at any point P of any distribution 
of matter in a series of spherical solid harmonics. 

Take as origin any point 0. Let OP = f. 

Let 1/bc any point in the distril^^ution. 

Let the coordinates of M referred to OP as axis, be r, c/), 
where 0 is the angle POM, Let p, = — cos0. Then sint?r/(? = dyi, 
and an element of volume in the neighbourhood of M is 
(lydfpdr. If p be the density of tlie given distribution in 
this clement of volume, its potential at P is 


+ ... | if r </, 

or +... I if /• >/. 

The potential at P of the whole distribution is then 

+ P r’ f^QiP^dfid<i)dr+ f f f Q^pfdpdfpdr 

J-lJo Jo J J-l 0 

+ &c., 
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and since Q depends on n only, this may be put in the form 

+ &C., 

in which the quantities within brackets are known if the given 
distribution is known. 

If we denote these quantities by Aq, Ai, A.,, See., we have 

V=J\{A,+Q,A,-i-Q,A,+ ...}, 

in which the /i’s arc generally functions of //. 

65.] To find the density of a distribution of matter over a 
spherical surface, whose potential at any point on that surface 
shall be equal and opposite to that of a mass e, placed at an 
external point. 

Let 0 be the centre of the sphere, a its radius, C the point 
outside of it, OC = /. 

Let or be the required density. 

It is evident that the density of this distribution on the 
sphere must be symmetrical rnbout OC, and must therefore be 
expressible in a scries of zonal harmonics with OG as axis. Let 
this be 

O’ =■ + (J.-f &c. 

Let E be any point on the surface, E' any other point. 

Let us denote by Qf the zonal harmonic of order i referred to 
OE as axis. Then 


And the potential at jFdue to the distribution is 

because every term of the form / /q, Q/dS, where i zfz y, is zero; 
that is, 
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But by hypothesis the potential at E of the distribution is to 
be the same as that of the mass ^ at C with reversed sign; 
that is, 

We have therefore 

1 47ra® jr « V . 

and equating coefficients of Q, , 

. 2t+l a> 


and <r = 2 Q. 

4ir« /*+‘ 

= _ , where D = CE (by Art. 26). 

47ra 

66.] If the density of any distribution of matter over a 
spherical surface be equal to where is a spherical surface 
harmonic of order the potential at any point within or without 
the sphere due to this distribution is proportional to the corre- 
sponding spherical solid harmonic. 

For let 0 be the centre of the sphere, a its radius, P any ex- 
ternal or interna] point, OP == r, and M a point on the surface. 
Then at P 

= JJ' ^ ^+r Qj if ^ he internal, 

= JJ Tf S QjdS, if P be external. 

But JJ YiQjdS=0, unless t =j, 

and therefore 

r = ^ jj Fi dS, if P be internal, 

= QfdS, if P be external. 
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But Jj Qi r<, 

where is the value of at the point where OP, produced if 

necessary, cuts the sphere. 

Y‘ 

And therefore ^ according as P is internal or 

external, is the spherical solid harmonic at P corresponding to 
Yf, If we denote this by //j, we have 


y :::: , 

2i+ 1 a* ^ 


1/ V 

V = - ; — - « 

2i+ 1 


in the two cases respectively. The following proposition may 
easily bo deduced from this, but^we prefer to prove it independ- 
ently thus. 

67.] If the potential of any material system wholly within a 
spherical surface S be given at each point of that surface in 
a series of spherical surface harmonics, then the potential of 
the same system at any point on the outside of the surface 
is found by substituting for each surface harmonic the corre- 
sponding solid harmonic. 

For let the given potential be 2 Y^, and let p be the density 

of the superficial distribution on S whose potential at every }>oint 
of S is equal to 2^1^ Y^. 

Let P be any point distant / from the centre on the outside 

oiS. 

Then the potential at P of the given system is equal to that 
of the surface distribution. 

But, as shewn in Art. 62, if / be the density of a distribution 
over S whose potential at any point of S is equal to that of unil 
of matter situated at P, then 

jjp'-2.A,Y,as 

is the potential at P of the superficial distribution whose potential 
is ^AiY^, and therefore of the given system. 

Now 


P 
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where a is the radius of the sphere. Therefore 


FatP 




-Mj) 


t+1 


A, 


where is the value of at P. 


The potential of the given system is also equal to S ) J. 7. 

•/ 

for a certain distance within the given spherical surface 8, 


<+i 


For V and both satisfy Laplacc^s equation 

J 


throughout all external space, and are identical at all points out- 
side of 8, They must therefore be identical throughout all space 
which can be reached from 8 without passing through attracting 


t*+i 


matter so long as 2 Y^ is a convergent series, 

J 


68.] To express in zonal solid harmonics the potential of any 
material system symmetrical about an axis. 

Let us take for origin any point 0 on the axis. Let r be the 
distance from 0 of any point in space. 

Then we can first shew that the potential at any point P on 
the axis, if more distant from the origin than any point in the 


system, can be expressed in the form > and if less 

distant from the origin than any part of the system can be 
expressed in the form C+'SA.r*, where the functions B and A 
arc determinate if the given system is known, and are inde- 
pendent of r. 

For let 0 be the origin, P the point on the axis, M any point 
in space at which there is matter belonging to the system of 
density p, 

cos MOP = II, MO = a. 


Then since the system is symmetrical about the axis, we may 
take for an clement of its volume the space between the two 
cones whose vortices arc at 0 and semivertical angles cos“^ jut and 
cos“’ (fx + ^Z/x) and whose distance from 0 is between a and a + da. 
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If p be the density of matter within this element its potential 
at P is 

2 TT a* p c/fA da . • 

that is^ 

2 7rrt®p(//x(3?a. ~ I + ••• I if r > a, 

or 2ir a®p£f/i(?a .i 1 1 + + ... | if r < a. 

Then if £ 22^)0 the greatest and least distances from 0 of 
any matter between the two cones, the potential of all the 
matter between them is 





in which the first integral wnll be omitted when r < and the 
second will be omitted if r > a^. 

Finally, the potential at P of the whole system is found by 
integrating the above expression according to fx from ju = 1 to 
ft = — 1, remembering that and a., and p are generally func- 
tions of fX. 

Let a'l and denote the greatest and least values of r for 
any point in the system. Then the result, if the integrations 
can be effected, must appear in the form 

if Oi’X, 

and C+hAiV* if OP < a' ; 


and ^ i r* + S B- > 

if r > a\ < a' . 

We can now find the potential of the system at any point R 
not in the axis and distant t from 0, by multiplying each term 
by the corresponding zonal harmonic referred to OP as axis. 

For instance, suppose v > a'j. 

Let V be the potential and let 
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Then since on the axis = 1, and 


V=SB, 



V and P are identical throughout a finite length of the axis. 

Now both V and P satisfy Laplace’s equation at all points 
not occupied by matter belonging to the system. And therefore 
since they are identical throughout some finite length on the 
axis, and are symmetrical about the axis, they must by Arts. 53 
and 64 be identical at all points in space which can be reached from 
that part of the axis without passing either through the system, or 


through any part of space where S 


does not converge. 


Similarly, the potential at any point H in space distant r from 
0, where r < di./, is C+ provided B' can be reached from 

the part of the axis whose distance from 0 is less than a./ with- 
out passing, either through the system, or through any part of 
space where f does not converge. 
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DESCRIPTION OP PHENOMENA. 

EleefriJicafioH by Friction. 

Akticle 69.] Experiment I*. Let a piece of glass and a pieee 
of resin be rubbed together and then separated ; they will attract 
each other. 

If a second piece of glass and a second piece of resin be 
similarly treated and suspended in the neighbourhood of the 
former pieces of glass and resin, it may be observed that — 

(1) Tlie two pieces of glass repel each other. 

(2) Each piece of glass attracts each piece of resin. 

(3) The two pieces of resin repel each other. 

These phenomena of attraction and repulsion arc called dec- 
tried phenomena, and the bodies which exhibit them arc said to 
be eledrijitd or to be charged with deelrmlg. 

The electrical properties of the two pieces of gl.ass are similar 
to each other but opposite to those of the two pieces of resin, 
the glass attracts what the resin repels, and repels wliat the resin 
attracts. 

Bodies may be electrified in many other ways as well as by 
friction. 

If a body electrified in any manner whatever behaves a.« the 
glass does in the experiment above described, that is, if it repels 
the glass and attracts the resin, it is said to be vilreoudg elec- 
trified, and if it attracts the glass and repels the resin, it is said 
to be resinoudy electrified. All electrified bodies are found to be 
cither vitrcously or resinously electrified. 

When the electrified state is produced by the friction of dis- 
similar bodies, as above described, it is found that so long as the 

♦ The description of theso experiments i« taken almost verbatim from MaxwoH’s 
Electricitg. 
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rubbed surfaces of the two excited bodies are in contact the 
combined mass does not exhibit electrical properties, but behaves 
towards other bodies in its neighbourhood precisely as if no 
friction had taken place. 

The exactly opposite properties of bodies vitrcously and resin- 
ously electrified respectively, and the fact that they neutralise 
each other, has given rise to the terms ^^ositive^ and ^negative* 
electrification, the term positive being by a perfectly arbitrary, 
but now universal convention among men of science, applied 
to the vitreous, and the term negative to the resinous electri- 
fication. 

Electric actions similar to those above described may be ob- 
served between a body electrified in any manner and another 
body not previously electrified when brought into the neigh- 
bourhood of the electrified body, but in all such cases it will 
be found that the body so acted upon itself exhibits evidence of 
the electrification. This electrification is said to be produced by 
mdactioii^ a process which will be illustrated in the second ex- 
periment. 

No force, eitlicr of attraction or repulsion, can be observed 
between an electrified body and a body manifesting no signs 
of electrification. 


Electrification h/ Induction, 

70.] Experiment IT, Let a hollow vessel of metal, furnished 
with a close-fitting metal lid, be suspended by white silk threads, 
and let a similar thread be attached to the lid, so that the vessel 
may be opened or closed without touching it ; suppose also that 
the vessel and lid are perfectly free from electrification. 

Let the pieces of glass and resin of Experiment 1 be suspended 
in the same manner as the vessel and lid, and be electrified as 
before. 

If then the electrified piece of glass be hung up within the sus- 
pended vessel by its thread, without touching the vessel, and the 
lid closed, the outside of the vessel will be found to be vitrcously 
electrified, and it may be shown that the electrification outside 
of the vessel, as indicated by the attractive or repulsive forces on 
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electrified bodies in its neighbourhood, is exactly the same in 
whatever part of tlie interior the glass be suspended. 

If the glass be now taken out of the vessel without touehing 
it, the electrification of the glass will be found to be the same as 
before it w^as put in, and that of the vessel will have disappeared. 

This electrification of the vessel, which depends on the glass 
being within it, and which vanishes when the glass is removed, 
is called Electrification by Induction, 

If the piece of electrified resin of Experiment I were sub- 
stituted for the glass within the vessel, exactly opposite effects 
would be produced. If both the pieces of glass and resin, 
after the friction of Experiment I, were suspended within the 
vessel, whether in contact with •each other or not, no electrical 
effects whatever would be manifested. 

Similar effects would be produced if the glass were suspended 
near the vessel on the outside, but in that case we should find an 
electrification vitreous in one part of the outside of the vessel 
and resinous in another part. Whereas, as has been just now 
mentioned, when the glass is inside the vessel the whole of the 
outside is vitreously electrified. In this case, as in the case 
of internal suspension, the electrification disappears on removal 
of the exciting body. 

Experiment proves that throughout the inside of the closed 
vessel there is an electrification of the opposite kind to that 
of the outside, that is, when the electrified piece of glass is 
suspended wdthin the vessel, and the latter is therefore vitre- 
ously electrified on the outside, as just now explained, the in- 
side will be resinously electrified, and vice versa when the resin 
is substituted for the glass. 

Experiment proves also that the electrification on the outside 
is equal in quantity to that of the glass, and the electrification 
on the inside equal and opposite to that of the glass. 

Electrification hy Conduction, 

71.] Experiment III. The metal vessel being electrified by 
induction, as in the last experiment, , let a second metallic body 
be suspended by white silk threads near it, and let a metal wire 
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similarly suspended be brought so as to touch simultaneously 
the electrified vessel and the second body. 

The second body will now be found to bo vitrcously electrified 
and the vitreous electrification of the vessel will have diminished. 

The electrical condition has been transferred^from the vessel 
to the second body by means of the wire. The wire is called 
a conductor of electricity, and the second body is said to be 
electrified hy conduction. 

Conductors and Insulators. 

If a glass rod, a stick of resin or gutta-percha, or a white silk 
thread had been used instead of the metal wire, no transfer of 
electricity would have taken place. Hence these latter substances 
are called non-conductors of electricity. A non-conducting sup- 
port or handle employed in electrical apparatus is called an 
Insulator^ and the body thus supported is said to be insulated. 
Thus the lid and vessel of Experiment II arc insulated. 

The metals are good conductors; air, glass, resins, gutta- 
percha, vulcanite, paraffin, &c., arc good insulators ; but all sub- 
stances resist the passage of electricity, and all substances allow 
it to pass although in exceedingly different degrees. For the 
present wc shall, in speaking of conductors or non-conductors, 
imagine that the bodies spoken of possess these properties in 
perfection, a conception exactly similar to that of perfectly fluid 
or perfectly rigid bodies, although such conceptions cannot be 
realised in nature. 

In Experiment II an electrified body produced electrifica- 
tion in the metal vessel while separated from it by air, a non- 
conducting medium. Such a medium, considered as transmitting 
these electrical effects without conduction, is called a Dielectric 
medium, and the action which takes place through it is called, as 
has been said. Induction, 

72.] Experiment IV. In Experiment III the electrified vessel 
produced electrification in the second metallic body through the 
medium of the wire. Let us suppose the wire removed and the 
electrified piece of glass taken out of the vessel without touching 
it and removed to a sufficient distance. The second body will 
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still exhibit vitreous electrification, but the vessel when the glass 
is removed will have resinous electrification. If we now bring 
the wire into contact with both bodies, conduction will take 
plaee along the wire, and all electrification will disappear from 
both bodies, frofti which we infer that the electrification of the 
two bodies w^as equal and opposite. 

73. ] Experiment V. In Experiment II it was shown that if 
a piece of glass, electrified by rubbing it with rcsin^ is hung up 
in an insulated metal vessel, the electrification observed outside 
does not depend upon the position of the glass. If we now 
introduce the piece of resin with which the glass was rubbed 
into the same vessel without touching it or the vessel, it will 
be found, as stated in Art. 70, that there is no electrification on 
the outside of the vessel. From this we conclude that the 
electrification of the resin is exactly equal and opposite to that 
of the glass. By putting in any number of electrified bodies, 
some vitreous and others resinous, and taking account of the 
amount of electrification of each, we shall find that the whole 
electrification of the outside of the vessel is that due to the 
algebraic sum of the electrifications of all the inserted bodies, 
the signs being used in accordance with the convention already 
described. We have thus a practical method of adding the 
electrical effects of several bodies without altering the elec- 
trification of any of them, 

74. ] Experiment VI. Let a second insulated metallic vessel B 
be provided, and let the electrified piece of glass of Experiment I 
be placed in the first vessel yi, and the electrified piece of resin in 
the second vessel B, Let the two vessels be then put in com- 
munication by the metal wire, as in Experiment III. All signs 
of electrification will disappear. 

Next, let the wire be removed, and let the pieces of glass and 
resin be taken out of the vessels without touching them. It will 
be found that A is electrified resinously and B vitrcously. 

If now the glass and the vessel A be introduced together (the 
glass being no longer within A) into a larger insulated vessel (7, it 
will be found that there is no electrification on the outside of C. 

This shows that the electrification of A is exactly equal and 
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opposite to that of the piece of glass, and similarly that of B 
may be shown to be equal and opposite to that of the piece of 
resin. 

Thus the vessel A has been charged with a quantity of elec- 
tricity exactly equal and opposite to that of the electrified piece 
of glass without altering the electrification of the latter, and we 
may in this way charge any number of vessels with exactly 
equal quantities of electricity of either kind which we may take 
as provisional units. 

75. ] Experiment VII. Let the vessel charged with a quan- 
tity of positive electricity, which we shall call for the present 
unity, be introduced into the larger insulated vessel C without 
touching it. It will produce a positive electrification on the 
outside of G, Now let B be made to touch the inside of C. No 
change of the external electrification of C' will be observed. If B 
be now taken out of C without again touching it and removed 
to a suflicient distance, it will be found that B is completely dis- 
charged, and that C has become charged with a unit of positive 
electricity. 

We have thus a method of transferring the charge of B to C. 

Let i? be now recharged with a unit of electricity, introduced 
into C already charged, made to touch the inside of C and 
removed. It will be found that B is again completely discharged, 
so that the charge of C is doubled. 

If this process be repeated it will be found that however 
highly C is previously charged, and in whatever way B is 
charged when it is first inclosed in (7, then made to touch 
and finally removed without touching (7, the charge of B is 
completely transferred to and B is entirely free from elec- 
trification. 

This experiment indicates a method of charging a body with 
any number of units of electricity. The experiment is also an 
illustration of a general fact of great importance, namely, that no 
charge whatever can be maintained in the interior of any con- 
ducting mass. 

76. ] In what has hitherto been said it has been assumed that 
we possess the means of testing the nature and measuring the 
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amount of electrification on any body, or on any part of a body. 
This we can do with great accuracy by the aid of instruments 
called elect mco^es or electrometers ^ whose modes of action will be 
more easily understood when the theory of the subject has been 
somewhat developed ; and which are fully described in practical 
treatises on electricity ; for our present purpose it will sufiSce to 
describe one of these instruments in its simplest form, called the 
gold-leaf electroscope. 

A strip of gold-leaf hangs between two bodies A and JS, 
charged one positively and the other negatively. 

If the gold-leaf be placed in conducting contact with the body 
whose electrification is to be investigated, it will itself become a 
part of that body for all electrioal purposes, and it will incline 
towards A or £ according as its electrification, and therefore the 
electrification of the body under investigation, is negative or 
positive. 

77 .] Prom the foregoing experiments we conclude that 

(1) The total electrification of a body or system of bodies 
remains always the same except in so far as it receives electrifi- 
cation from, or gives electrification to, other bodies. 

In all electrical experiments the electrification of bodies is 
found to change, but it is always found that this change is due 
to want of perfect insulation, and that with improved insula- 
tion the change diminishes. We may therefore assert that the 
electrification of a body placed in a perfectly insulating medium 
would remain perfectly constant. 

( 2 ) When one body electrifies another by conduction the total 
electrification of the two bodies remains the same, that is, the 
one loses as much positive, or gains as much negative electrifica- 
tion, as the other gains of positive or loses of negative electrifi- 
cation. 

For if the two bodies are enclosed in the same hollow con- 
ducting vessel no change of the total electrification is observed 
on their being connected by a wire, 

(3) When electrification is produced by friction or by any 
other known method, equal quantities of positive and negative 
electrification are produced. 
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For the electrification of the whole system may be tested in 
the hollow vessel, or the process of electrification may be carried 
on within the vessel itself, and however intense the electrifica- 
tion of the parts of the system may be, the electrification of the 
whole is invariably zero. 

The electrification of a body is therefore a physical quantity 
capable of measurement, and two or more electrifications may bo 
combined experimentally with a i*osuU of the same kind as when 
two quantities arc added algebraically. 

78 .] Experiment VITI. Let there be a needle suspended 
horizontally by a fine vertical wire or fibre, so as to be capable of 
vibrating horizontally about the vertical wire as an axis, and let 
a small pith ball A be attached t© one end of the needle. Then 
the needle will rest in a certain position ; in which position, 
supposing there arc no forces at work in the neighbourhood of 
the apparatus except the force of gravity, the suspending wire 
or fibre will be perfectly free from any twist or torsion. Let 
another pith ball B bo situated at a certain point in the circum- 
ference of the horizontal circle described by //, 

Now let the pith balls A and B be each charged with one 
unit of positive electrification. A repulsive action will arise 
between A and B so that A will after certain oscillations come 
to rest at a certain increased distance from By thus producing a 
twist in the suspending wire. The opposite untwisting ten- 
dency of the wire thus called into play depends upon the 
torsional rigidity of the wire and the angle through which 
the needle has been deflected, and can be estimated in any 
given apparatus with great accuracy. Hence the repulsive force 
between A and By assumed to act in the line joining them, can 
also bo determined with corresponding accuracy: let it be 
called f. 

Suppose now that the same experiment is made with another 
apparatus equal to the former in all respects, but with a sus- 
pending wire of different torsional rigidity ; and suppose that in 
this case the position taken up by A with respect to B is 
observed to be exactly the same as in the former case when the 
number of units of positive electrification of A is and of B is e\ 

VOL. I. G i 
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It will be found that the repulsive force between A and B is in 
this case ee'f. 

Precisely the same positions would be taken up in the two 
oases respectively, if A and B had been each negatively electrified, 
and to tlie same degree as before. By suitable adjustments of 
the two cases with oj)jmUe electrifications upon A and B each of 
the same number of units as before, it may be proved that, if 
the distances between A and B in their positions of equilibrium 
arc the same as before, the forces between them are attractive 
and equal to /and ee'f in the two cases respectively. 

lienee we infer that the force between two electrified particles 
at any given distance apart is in all respects represented by the 
product of the two electrifications upon them, regard being paid 
to the signs of the electrifications, and the force being considered 
repulsive when the above-mentioned product is positive. 

79.] Experiment IX. In the experiment of the last Artich* 
let the electrifications of A and B in the second apparatus as 
wdi as in the first apparatus be each one unit of positive electri- 
fication. It will be found that in the positions of equilibrium 
the distances between A and B arc not the same in one a})paratus 
as they are in the other. If, however, the forces between A and 
B in these positions be estimated as before, and if the distances 
between A and B in the two cases be r and it will be found 
that there are repulsive forces between them which are to each 
other in the ratio of to or inversely as the sejuares of the 
distances between them in the two cases. 

Combining the results of this and the preceding experiment 
we arrive at the following generaj law of action between two 
electrified particles, viz. that if the number of units of electrifi- 
cation of the particles be e and / respectively, and the distanci* 
between them be r, then there is a force F such that 



where/ is the repulsive force between two particles each charged 
with unit of electrification, and at the distance unity apart, regard 
being paid to the signs of ^ and and F being considered positive 
when the force is repulsive, i.e. when e and e have the same signs. 
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In conducting Experiments VIII and IX care must be 
taken that the dimensions of A and B arc small as compared 
with the distance between them, so that they may be regarded 
as material points. They must also be suspended in air and at 
a considerable distance from any other bodies on which they 
might induce electrification (Art. 70), inasmuch as this induced 
electrification would also act upon A and B and produce a 
problem of great intricacy. 

Electrical Theory, 

80.] The most important researches into the laws of electrical 
phenomena up to the present time have been based upon what 
is known as the two fluid theory^ It is conceived that all bodies 
in nature, whether electrified or not, are charged with, or per- 
vaded by, two fluids to which the names of positive and nega- 
tive, or vitreous and resinous, electricity arc assigned. It is 
further supposed cither that these fluids exist in all bodies in 
such quantities that no process yet discovered has ever de- 
prived any body, however minute, of all the electricity of cither 
kind, or that the changes in the proportion in which these fluids 
are combined, required to produce electrical phenomena, are 
indefinitely small. It is further siqiposed that in unelectrificd 
bodies these fluids exist in exactly equal quantities, but that it 
is possible by friction, as in Experiment 1, or by other means, to 
cause one body to give up to another part of its positive or 
negative electricity, thus causing in either body an excess of one 
or other kind of electricity. 

When the quantity of either fluid is in excess in any body, 
that body is said to be positively or negatively electrified 
according to the sign of the predominant fluid, and the amount 
of electrification is measured by the quantity by which this 
predominant fluid exceeds the other. The fluid of cither kind 
in any electrified body in excess of that of the opposite kind is 
called the Eree Electricity of the body, and the remaining fluids 
of the body, consisting of equal amounts of fluids of opposite 
kinds, together constitute what is called the Latent^ Comhmed or 
Fixed Electricity of the body. 
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In the simplest form of the theory, although not essential to 
it, every process of electrification is supposed to consist of a 
transference of a certain quantity of one of the fluids from any 
body as A to another as together with the transference of 
an equal amount of the opposite fluid from B to A, so that the 
total amount of electricity free and latent (without regard to 
sign) in every body and every particle of every body cannot be 
changed by any process whatever. 

It is further supposed that these fluids are not acted upon by 
gravitation or any of the forces of ordinary mechanics, nor, so far 
as our present knowledge goes, by ordinary molecular or chemical 
forces ; but they are supposed to exercise forces upon themselves 
and each other which are conceived to be proportional to the 
quantities of the mutually acting fluids, thus giving rise to the 
conception of electrical mass. And it is further supposed that the 
forces between two particles of fluid of the same kind is repulsive, 
and proportional to the product of their masses directly, and to 
the square of the distance between them inversely, that between 
two particles of fluid of opposite kinds being attractive, but in 
other respects following the same law. According to this 
hypothesis the latent or fixed electricity in any body, con- 
sisting of equal quantities of opposite kinds, exerts zero force 
on all electricity. The forces of attraction and repulsion 
above mentioned manifest themselves only between the free 
electricities. 

If all bodies be divided for the time into two classes, perfect 
conductors and perfect insulators, it is conceived that cither kind 
of electricity may pass witli absolute and perfect freedom from 
point to point of the former, while the latter offer a complete 
and absolute bar to any such transference. 

On the hypothesis thus described we are able to explain many 
electrical phenomena. It is of course merely an hypothesis, and 
of value as supplying formally an explanation of facts ; in this 
respect being exactly on a par with the conception of the lumi- 
niferous ether in the undulatory theory of light. The general 
mathematical treatment of this hypothesis is principally due to 
Poisson and Green. 
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There is another hypothesis, known as the one-fluid theory, 
which is equally successful as a basis of investigation, but it has 
not been adopted and developed to the same extent as the two- 
fluid theory. 

Wo shall confine our investigation to the two-fluid tlieory in 
the form which is above enunciated. 

81 .] It is evident without any further explanation that the 
two-fluid theory explains the qualitative results of Experiment I 
given above ; and we proceed now to shew that it also explains 
the quantitative results of Experiments VIII and IX. 

For, suppose two bodies A and B, cither conductors or non- 
conductors, to contain and units of mass of positive elec- 
tricity respectively, and n and units of negative electricity. 

Suppose that they arc situated in an insulating medium, as 
air, and that their dimensions are very small as compared with 
the distance between them which we shall call r. 

Then, according to the two-fluid theory, the m positive units 
of A exert upon the positive units of -B a repulsive force 

which may be represented by — , and the n and units exert 

a repulsive force upon each other, represented on the same scale 

by , so that on the whole there is a repulsive force between 

the electrical fluids in A and B represented by . 

In the same way there is an attractive force between the two 
electricities represented by . 

Altogether therefore there is a repulsive force between the 

^ , , , vim' + nn' -- inn^ m'71 

electricities on A and B represented by ; 

that IS, by -• 

But is the number of units of positive electrification on 
A, and m' —n' is the same for J?, so that with the notation used 
above the force between the electricities in A and B is r*‘- 

presented by ^ , and is repulsive when ee' is positive. 
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The unit of electricity in this measurement is such that the 
repulsive force between two units of positive electricity at the 
distance unity apart is unit force. 

It appears therefore that the two-fluid theory involves the 
existence of a force between the electric fluids in two charged 
bodies in all respects following the law which has been experi- 
mentally proved to be obeyed by the mechanical forces between 
the bodies themselves. But the bodies are either non-conductors 
or else conductors in an insulating medium, and on either 
hypothesis the fluids cannot move without the containing bodies 
aceompanying them. Whatever force therefore is proved to 
exist between the fluids becomes phenomenally a corresponding 
force between the bodies. We thus see that the results of Ex- 
j)eriments I, III, and IV, and of Experiments VIII and IX 
are explained qualitatively and quantitatively by the two-fluid 
hypothesis. 

The application of the theory to the Induction Experiments II, 
V, VI, and VII, is not so obvious, and can only be demonstrated 
after some further development. 



CHAPTER V. 


ELECTBICAL THBOEY, 

Article 82.] We proceed now to develop the two-fluid theory 
as before enunciated, regarding for the present all substances as 
divided into two classes, namely, (i) perfect insulators, called 
generally dieleclries, throughout which there is an absolute bar 
to the motion of the fluids from one particle to another, and ( 2 ) 
perfect conductors, throughout which the fluids are free to move 
with no resistance whatever from one particle to another. And it 
is assumed for the present that the repulsion between two masses, 

. c/ 

e and e\ of electricity placed at distance r apart is . The 

phenomena with which we have at present to deal arc those 
of repulsion and attraction between particles at a distance ac- 
cording to the above law. The investigations of Chap. Ill arc 
therefore applicable. 

It will be understood that we do not assert the actual exist- 
ence of the fluids, or that direct action at a distance actually 
takes place. It is proposed merely to show how the phenomena 
of Electrostatics may be explained on this hypothesis. In like 
manner the conception of space as divided into perfect con- 
ductors and perfect insulators, will have to be materially modified 
hereafter. 

83.] It follows from the above definition of a conductor, that 
when the electricities are in equilibrium, the resultant force is zero 
at each point within the conductor. For if there be any force, 
it must tend to move one kind of electricity at the point in one 
direction, and the other in the opposite direction, and thcrcrorc 
to separate them. And since the substance of the conductor 
opposes no resistance to their motion, such separation will in 
fact take place until equilibrium is attained ; that is, until the 
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mutual attraction of the separated electricities, tending to re- 
unite them, becomes equal and opposite to the force which tends 
to separate them, and so the resultant force becomes zero. 

Now it follows from the reasoning of Chap. III that in a field 
of electric fluid distribution a potential function V exists such that 


, , — ---are the component forces parallel to the axes 

dx dy dz 

of iP, y, and z at any point. And since the resultant force is 
zero, each of these components is zero at every point within the 
conductor, and therefore Y has some constant value throughout 
the substance of the conductor. This is true whatever the law 
of force, provided there be a potential. 

84.] It follows further from 11^ law of the inverse square, that 
there can be no free electricity within the substance of the con- 
ductor. For whatever closed surface be described wholly within 
it, the normal force A at every point of that surface is zero. 


Therefore 


// 


'Nda = 0 over the surface. 


That is, by Art. 45, the 


algebraic sum of all the free electricity within the surface is zero, 
and this being true for every closed surface that can be described 
within the substance of the conductor, it follows that there 
can be no free electricity, of cither volume or superficial density, 
within the substance of the conductor. 

It follows that, in order to insure the constancy of V through- 
out the conductor, it is sufficient to make it constant at all 
points on the surface. For we have scon that if V be constant 
at all points on a closed surface, within which is no attracting 
matter, it has the same constant value throughout the interior.’ 

85.] Whatever free electricity is formed by the separation of 
the two kinds of electricity within the conductor, since it cannot 
exist within the substance of the conductor, and cannot penetrate 
the surrounding dielectric, must be found upon the surface in 
the form of a superficial distribution. 

And such superficial distribution must be in the aggregate 
zero for the whole surface; because since the two kinds of 
electricity are supposed to exist in equal quantities at all points, 
for every quantity of positive electricity resulting from their 
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separation, there must be an equal quantity of negative elec- 
tricity, and each must be found somewhere on the surface. 

But it is possible to place upon the conductor from external 
sources a quantity of electricity of either sign. This also, for 
the same reason, can only exist in the form of a superficial 
distribution. 


It follows then that if a conductor be in equilibrium its 
electrification is wholly on the surface, and the algebraic sum of 
all the superficial distribution upon it is equal to that of the 
electricity placed upon it from external sources. 

86.] Befinitlon . — The algebraic sum of all the electricity on 
the surface of a conductor is called the charge on the conductor. 

If <r be the density of the superficial distribution at any point, 
(IV 

the rate of increase of V per unit of length of the normal 

measured outwards in direction, immediately outside of the dis- 
(IV 

tribuiion, the same thing measured inwards in direction, 
immediately inside of the distribution, Poisson's equation gives 


(W 

dv dv' 


— 4'7r(r. 


But — being the force within the substance of the con- 
dv 

ductor, is in this case zero. We have therefore at every point 
of the surface 

^-- + 4 ^. = 0 ; 


and the charge upon the conductor or 



87.] We have seen that when an electrical system is in equi- 
librium, the potential must have a constant value throughout each 
conductor. Conversely, if the potential have a constant value 
throughout each conductor, the electricity on fixed conductors is 
in equilibrium. For the potential being constant throughout the 
conductor, there can be no tangential or other force to move the 
superficial distribution along the surface or through the substance 
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of the condiiotoj. And since by the hypothesis concerning the 
nature of the dielectric medium there can bo no motion of elec- 
tricity in the medium, all the electricity in the field must be at 
rest. The constancy of the potential throughout each conductor 
is thus the sufficient and necessary condition of equilibrium. 

Hence can be established the following principle. 

The Vrinciple of Snperjmition. 

88. ] If O' be the density of the superficial distribution on a con- 
ductor when ill equilibrium in presence of any electrified system 

which may include a charge on the conductor itself, and if a 
be the density on the conductor when in equilibrium in presence 
of the system E\ then if E and 4?' both be present, the conductor 
will bo in equilibrium when the density is o- + (t\ 

For if every conductor of the system had placed upon it for 
an instant the distribution whose density is cr-fo-', wc know 
that the potential at any point is the sum of the two potentials, 
one due to the system E and density o*, the oth(?r duo to the 
system E' and density cr'. But both of these potentials are 
eonstant for each conductor. Therefore their sum is constant, 
and therefore the supposed instantaneous distribution is in equi- 
librium and is permanent. 

It follows that if all the volume, or superficial or linear 
densities of electricity, in a system in equilibrium be increased 
in any given ratio, the system will remain in equilibrium, and 
the potential at any point will be increased in the same ratio as 
the densities. 

89. ] Let us consider the simple caoe of a single conductor, and a 
point 0 outside of it having a fixed charge of positive electricity m. 
There will form on the surface of the conductor an induced 
distribution of electricity whose algebraic sum is zero, and of 
which the negative part is on the side of the conductor nearest 
to 0, and the positive part on the opposite side. The tendency 
of the charge at 0 is to make the potential higher on the side of 
the conductor nearest to 0 than on the other side. The surface 
distribution has the opposite tendency. And the surface dis- 
tribution must be such that these two tendencies shall exactly 
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neutralize one another, and the potential be the same at all 
points of the conductor. 

The actual solution of this problem consists in the determina- 
tion of a function the potential of the system, to satisfy the 
conditions 


(1) r is constant over C; 

(2) 0, taken over the surface of C; 


(3) = 0 at all points in space external to (7, except where 

the given external electricity is situated, and there V^F'= 


We have seen in Art. 10 that one determinate function T\ 
always exists satisfying these conditions. If it were determined, 
dV * 

r, and therefore -r— , would be known at each point on or out- 
dp 

1 dJ^ 

side of (7, and a distribution over C whose density is ^ 

satisfies all the conditions. 


If the external charge were at another point O' instead of 0, 
the superficial distribution would assume a different form. If 
there be a charge both at 0 and at O', then, by the principle of 
superposition above proved, the density of the distribution at 
any point on the conductor in this case is the sum of the 
densities due to the cliargcs at 0 and at O' separately, and so on 
for any electrified system outside the conductor. In like manner 
if there be a charge on the conductor itself, that charge will so 
distribute itself as to give constant potential at all points on the 
conductor, and the density of this equipotential distribution 
together with that due to any external electrification will be the 
actual superficial density. 

90.] The case in which an electrified system is placed hinide of 
a closed conducting shell is of special importance. It will be 
found that in this case we have two systems, separated by the 
shell, each of which would be in equilibrium separately if the 
other were removed. 

For let G be any such shell, and let there be any electrified 
system within it, and any other electrified system outside of it. 
The general reasoning shows as before that the electrification of 
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the conductor is wliolly on the surface, that is to say, in this 
case, partly on the inner and partly on the outer surface of the 
shell. We can then prove that the algebraic sum of the distri- 
bution on the inner surface, together with that of the enclosed 
system, is always zero. For let a closed surface S be described 
wholly within the substance of the conductor, and entirely 
dividing the inner from the outer surface. The potential F is 
constant at all points within the substance of the shell, and 


dT 

therefore is zero, at every point of S, and 


But 




dS = 0. 

47rm, 


where ?fi is the algebraic sum of all the free electricity within S, 
It follows that m is zero. But the only free electricity within S 
is the distribution on the inner surface of^ the conductor C, and 
that of the enclosed system. If therefore the algebraic sum of 
the electricity of the enclosed system be e*, that of the distribu- 
tion on the inner surface is — e. 

It follows, that unless there be a charge on the conductor, the 
algebraic sum of the induced distribution on the outer surface is 
H- e, since the whole surface distribution on the conductor is zero. 

We can next prove the following proposition. 

91.] If a hollow conducting shell be in electrical equilibrium 
under the influence of any enclosed electrified system, and of any 
external electrified system, then the potential K of the enclosed 
system and of the induced distribution on the inner surface will 
be zero at all points on or outside of the inner surface ; and 
the potential T' of the external electrification and of the induced 
distribution on the outer surface will be constant at all points on 
or inside of the outer surface of the shell. 

For let S be any closed surface within the substance of the 
shell entirely dividing the inner from the outer surface. 

Then S is an cquipotential surface, and separates the enclosed 
system with the induced distribution on the inner surface of the 
shell from the external system, and the induced distribution on 
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the outer surface. Therefore (by Art. 63) the enclosed system and 
the induced distribution on the inner surface have, at all points 
outside of S, the same potential as a distribution over S whose 
R 

density is - — > where R is the normal force on S due to the 
47r 

whole electrification ; that is zero potential, because = 0 on S. 
Hence the enclosed system and the distribution on the inner 
surface have together zero potential at all points outside of S. 
Similarly the external system and induced distribution on the 
outer surface have together constant potential 7' at all points 
inside of S ; and since S may be made to coincide with either the 
inner or the outer surface of the shell, this proves the proposition. 

It follows that if the enclosed system, together with the 
distribution on the inner surfiice, were both removed, or allowed 
to communicate and neutralise each other, the distribution on 
the outer surface would remain in equilibrium. Its density is 
therefore independent of the position of the enclosed distribution 
within the shell. It follows further that any charge placed on 
the conductor will assume a position of equilibrium on the outer 
surface without causing any electrification on the inner surface. 

Again, if the external electrification and the distribution on 
the outer surface were removed, that on the inner surface and 
the enclosed system would remain in equilibrium. 

The agreement with experiment of the above proposition, 
that a charge of electricity upon a hollow conducting shell 
causes no electrification on its inner surface or on a conductor 
placed within it, has been employed, as we shall hereafter see, to 
establish the most conclusivp proof of the law of the inverse 
square in electric action. 

92.] In Chap. IV it was shown that the qualitative results of 
Experiment I, and the qualitative and quantitative results of 
Experiments I, III, IV, VIII and IX, were completely explained 
by the two-fluid theory of electricity. We are now in a position 
to do the same with reference to the results of Experiments 
II, V, VI, and VII. 

For it has been proved (Art. 84), that there can be no free 
electricity within the substance of conducting bodies, but that 
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in the case of such bodies the charges, if any, are entirely super- 
ficial. 

It has been also proved (in Arts. 90, 91) that in the case of 
the electrical equilibrium of a hollow conducting shell in the 
presence of any given electrical distributions, whether internal 
or external, — 

( 1 ) There is a superficial electrical distribution on the inner 
surface of the shell equal in amount, but of opposite algebraic 
sign to, the algebraic sum of the given internal system. 

( 2 ) That the given internal system, with the last-mentioned 
superficial electrification of the inner surface, constitute a system 
producing electrical equilibrium throughout the surface of the 
shell and the whole of external space ; and that the given external 
system, with any superficial electrification on the outer surface of 
the shell, constitute a system jiroducing electrical equilibrium 
throughout the shell and the whole of the internal space. 

It follows therefore that in the case of the closed insulated 
metal vessel of Experiment II, containing an electrified piece of 
glass as therein described, — 

( 1 ) There will be a superficial electrification on the inner 
surface, the total amount of which will be resinous, and equal to 
the vitreous electricity of the glass, but the intensity of which at 
different points will depend upon the position of the glass. 

( 2 ) That inasmuch as the vessel is insulated, and the total charge 
zero, and as all the electrification must be superficial, there will 
be a superficial distribution on the external surface equal in amount 
to, and of the same sign as, the vitreous electricity of the glass. 

Since however the external and internal distributions are in 
equilibrium separately by Art. 91, it follows that the intensity 
of the external superficial electrification at any point, unlike that 
of the corresponding internal electrification, will be entirely 
independent of the position of the glass, and will be determined 
by the given distributions in the field external to the vessel and 
the shape of the vessel. 

93.] In Experiment VI the external electrifications of the 
vessels J and J? arc equal and opposite before the introduction 
of the wire. When the two vessels are connected by the wire. 
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the two equal and opposite distributions coalesce^ producing evi- 
dently by that means external equilibrium. The effect on either 
vessel is the same as if, there being no introduction of the wire, 
it received an independent charge equal in amount to, and of the 
same sign as, that of the glass or resin in the other vessel, and 
therefore equal and opposite to that of the resin or glass within 
itself. These charges remain when the wire, and afterwards the 
glass and resin, arc removed, as the experiment shows. 

94. ] The result of Experiment VII also follows at once from 
the same reasoning. For the external superficial charge on C is the 
same in whatever part of its interior B be situated, and is equal 
to that of B in magnitude and of the same sign. If therefore B 
be made to touch the external electrification of the latter will 
not be affected, but inasmuch as G and B after contact may bo 
regarded as constituting one conducting body, the vessel C with 
B ill contact constitutes a metallic shell with a given internal 
distribution zero. Hence the internal superficial electrification 
must be zero, and there is no free electricity within the compound 
conductor C and 7i, and therefore the whole of B Is discharged. 

95. ] We have hitherto considered cases of equilibrium in 
which certain conductors have given charges. It is sometimes 
required to determine the density of the induced distribution on 
a conductor or system of conductors placed in a known field of 
force ; as, for instance, when the force before the introduction of 
the conductors is uniform throughout the field, such as may be 
conceived to be due to an infinite quantity of electricity placed 
at an infinite distance from the conductors. 

Another class of problems is found when the potentials of 
certain conductors arc given. 

When two conductors of known shapes are joined together by 
any conducting connection, the conductors with their connection 
of course form one compound conductor, and must be treated as 
such. In the particular case however of the connection be- 
tween them being a very thin wire, the total amount of elec- 
tricity on the surface of the wire must be very small, and 
generally is inappreciable in its effect upon the field. 

As far therefore as the electricity on the connection is con- 
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cerned, such conductors may be regarded as two separate and 
independent conductors of known form ; the existence however 
of the connection will ensure that they are of the same potential. 

If in the case last mentioned, of two conducting bodies joined 
by a thin wire, one of them be removed to a great distance from 
the field, the charge upon the one so removed will at length 
cease to exercise any appreciable effect, and may be neglected. 

If, at the same time, the potential of this removed conductor 
be maintained at any given value, we may by this contrivance 
regard the remaining conductor as an insulated conductor at 
a given potential. In order to effect this object the charge upon 
the conductor must be capable of variation. In fact, the distant 
conductor, or some other body^ connected with it, must be a 
reservoir containing infinite quantities of either kind of elec- 
tricity, and so large that the withdrawal of electricity necessary 
to maintain the given conductor at the required potential has 
no appreciable effect upon it. 

A very common case of such an arrangement occurs when one 
or more of the conductors of the field are connected by a thin 
wire with the earth, for this latter is an infinite conductor always 
at the same potential*, which is taken as zero, the potentials of 
all bodies being measured by their excess or defect above or 
below that of the earth. A conductor connected with the earth 
is said to be nnhmilated. 

98.] It follows from what has gone before that the most 
general problem of electrical equilibrium, in such a dielectric 
medium as we have described, is reduced to that of given 
electrical distributions in the presence of given insulated con- 
ductors with given charges, or at given potentials, in a dielectric 
medium of infinite extent. 

The solution of any such problem, that is, the determination 
of the electric density and potential at any point, involves the 
determination of a function T, the potential of the system, to 
satisfy the following conditions : — 

* The earth for any distances within the litnits of any experiment is at the same 
potential. But there may bo differences in the potential of the earth between 
distant points, as England and America. 
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(i) rhas some (not given) constant values over each of 
the surfaces 8^ 8^ bounding the conductors on which the 
charges are given. 


(2) 


— ^ JJ* dSy taken over ; 


&c. ; 

1 rrdv 

dv 


dS^ = 6^ 


( 3 ) F has given constant value over each of the surfaces 

8 ^\ . . bounding the conductors on which the potentials are 
given. . 

( 4 ) V^F-\- ^Ttp = 0 at any point where there is fixed elec- 
tricity of density p, and of course, if such fixed electricity be 
what is called superficial, this may be put in the form 


dV dV 

(iv dv' 


4-47ro- = 0. 


( 5 ) vanishes at an inlinitc distance. 

It was proved in Art. 1 0 that one such function always exists, 
and if it be F, a distribution of electricity over the surfaces of 
density 

^TT dv 


satisfies all the conditions of the problem. Then the equation 

f- 47r<r = 0 

dv 

determines the density of electricity at any point of the surface 
of any conductor, and the problem is completely solved. 

97.] It was stated in Art. 91 that the fiict of a charge of 
electricity on a hollow conducting shell causing no electrification 
on a conductor placed within it furnishes the most conclusive 
proof of the law of the inverse square in electric action. 

By hypothesis there is internal equilibrium when a distribution 
itself in equilibrium is placed on the outer surface of the shell. 
Let the outer surface be a sphere. Then by symmetry this 
distribution must be uniform. Let us take a for the superficial 
VOL T. H 
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density at any point, and since there must be a potential function, 
let it be distance r from a particle of unit elec- 

tricity. 

Let P be any point within the shell at the distance p from the 
centre 0. Let the radius of the shell be a, and let 0 be the 
angle between OP and the line drawn from 0 to any point Q on 
the surface of the shell. Let dS be an elementary area of that 
surface in the neighbourhood of Q, and let V be the potential of 
the whole charge at P. Then 


Jo r 


sin 0dO. 


Also — 2 a/? cos 0 + 

rdr = ap sin 0d0 ; 

ft, /*<* 

■■■ 

But, by hypothesis, F is to be constant for all values of p. 
Therefore, multiplyiiify by p and diflerentiatinjr, 

V = 2-a(ra \f{a+p)+f{a-p )] ; 

0 -f{a+p)-f{a-p ) ; 
f{r)=C; 
f{T) = Cr + C'; 


/w _ 




and the force = — 

dr r® 

Hence the inverse square must be the law of force necessary 
to satisfy the experimental data. 

98.] It may be of interest to enquire within what degrees of 
accuracy the experiments which have been made may be depended 
upon. 

Let there be an insulated conducting spherical shell within 
and concentric with the given spherical shell, and of radius b. 
If the law of force were that mentioned, the charge on the 
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smaller sphere would be accurately zero, even with the two 
spheres in conducting communication ; and, conversely, if the 
charge were accurately zero, the law of force must be that of 
the inverse square. 

If, however, the law of force differed slightly from that of the 
inverse square, there might be a small charge on the inner shell, 
and we propose to investigate the amount of this charge with 
any assumed small deviation from the above-mentioned law. 

Let the metallic communication between the surface of the 
inner sphere Jind the external surface of the outer sphere be made 
by a very thin wire, then the electricity on this wire may be 
neglected, and therefore, by symmetry, the charges on the two 
spheres must be uniformly distributed. And if the shells be 
very thin, we may, whatever be the law of force, regard the 
charges as superficial. 

Let E be that on the outer sphere, and E' that on the inner. 

Let f(r) = where m is small; i.e. let the law of 

force be 

where m is small compared with C. 

At any point P the potential from the two charges will be 



and this mxist be the same at the two ends of the wire. 
Therefore 


That is, 


f{r) = C+m<f>{r). 


But 
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Therefore, substituting and neglecting the products of the small 
magnitudes E' and we get 

mEh a pa , , 1 , ) 

For example, suppose the law of force to be where q is 
small. Then 


1 + (/ 

/ (r) = log 3 

^ ^ l+q l+q ^ 


Therefore (7=, - j 

1+^ 


0 (r) = log r. 


Substituting in the expression for E\ and remembering that 


J* log r dr = rlogr— r, 


we get 

^ - -2(Jz^^^2log2«-<i^^->log(a + 6)+ 

This is the theoretical basis of the experiment by which 
Cavendish demonstrated the law of the inverse square. 

The experiment is given in great detail in the second edition 
of Maxwell’s Electricity and Mafjnetism, pp. 7G-82 ; and it 
appears, from what is there stated, that we may regard it as 
absolutely demonstrated that the arithmetical value of q cannot 

exceed v • 

21G00 

Lmes of Force, 

99.] The state of the electric field under any given distribution 
of charges and arrangement of conductors is completely known 
when the value of the potential at each point of the field has 
been determined, Tt is obvious however that the direct subject of 
experimental investigation in any case must be the magnitude 
and direction of the force at any point of the field, and hence has 


* Seo Semte House Qimtions, 1877. 
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arisen the conception of lines^ tuhen^ and jluxen of force, originally 
suggested by Faraday and developed by subsequent writers. 

Line of Force, Suppose a sphere of indefinitely small radius 
to be charged with unit mass of positive electricity and placed 
with its centre at any given point jP in an electric field, and 
suppose the electrical distribution of the rest of the field to be 
iinaffcctcd by the presence of this charged sphere, and suppose 
further the inertia of the sphere to be always neglected, then 
the centre of the small sphere would move through the field under 
the action of the electric forces of the field in a definite line, 
generally curved, this line is defined as the line of force in the 
field through P, 

When the electricity of the field consists of an electrified mass 
of very small volume, inclosing a point 0 and therefore all 
sensibly situated at the point 0, the lines of force arc clearly 
straight lines radiating from 0 if the charge at 0 be positive, and 
terminal in g in 0 if the charge at 0 be negative. 

If the point 0 moved oft‘ to an infinite distance, and the charge 
at 0 were infinitclv increased, the field would become what is 
called a uniform field, and the lines of force would be parallel 
straight lines. 

So also if the distribution consisted of an infinite plane with a 
charge of uniform density over its surface, the lines of force would 
be pai-allel straight lines normal to the plane and proceeding 
from or towards that plane, according as the density thereon was 
positive or negative. 

If the distribution were that of uniform density on the surface 
of an infinite circular cylinder, the lines of force would be in 
parallel planes perpendicular to the axis of the cylinder, radiating 
from or converging to the point in which that axis met each of 
these planes according as the electrification of the cylinder was 
positive or negative. 

For less simple cases of distribution the lines of force are not 
capable of any such immediate determination ; they are generally 
curved lines, their direction at every point coinciding with the 
normal to the cquipotential surface through that point and pro- 
ceeding towards the region of lower potential. It follows that 
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no line of force can be drawn between points at the same poten- 
tial, and that all lines of force in the immediate neighbourhood 
of an electrical particle, i. e. a very small volume with a charge of 
infinite density, must radiate from or to the point with which that 
volume sensibly coincides, according as the density of the charge 
is positive or negative, because the potential in the immediate 
neighbourhood of such point is positive or negative infinity in the 
respective cases. 

100. ] Tuben of Force. A region of space in the field 

bounded laterally by lines of force, as above 
y/V\ described, is called a tube of force. See 

/ Vj Fig. 6. 

/ When the transverse section of the region 

/ is indefinitely small it is called an elemeuiary 

L X tube of force. 

g Flux of Force. Suppose any transverse 

section dS made through any point V in 
the surface of an elementary tube of force, as in the figure, the 
angle between the normal to dS and the bounding lines of force 
being i. If the intensity of the force at dS be 
F^ and the area of the orthogonal section of 
the tube at the point P be a, the force resolved 
>) perpendicular to dS will be Pcos i, and if this 
/ be denoted by P„, the product F,^dS will be 

equal to FdS cos i, or Pa, and will be the same 
Fig. 7. for every transverse section of the tube in the 
neighbourhood of dS. 

This product, from its analogy to the flux of a fluid flowing 
through a small tube with velocity ?^=P, is called the Jlux offeree 
across dS ; the limiting value of the ratio of the flux of force aeross 
any elementary area to the area is the intensity of the force in 
the field at that elementary area and perpendicular to it. 

When the distribution arises from a so-called charged particle, 
the tubes of force are conical surfaces with their vertex at the 
particle; when in a uniform field they are surfaces limited laterally 
by parallel straight lines, and so forth. 

101. ] Let a charge of electricity of either kind, and with mass 
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numerically equal to be situated at a given point 0. Let a 
sphere of any radius be described about 0 as centre. Then the 
fluxes of force across all equal elementary areas of the sphere’s 
surface will be equal to one another, and will take place from 
within outwards, or from without inwards, according as the 
electricity at 0 is positive or negative, the total flux over the 
whole sphere being 

Faraday regarded the charge at 0 as a source from which, or a 
sink towards which, lines of force proceed symmetrically in all 
directions, and he further regarded the density of these lines of 
force, or the number contained in each unit of solid angle at 0, as 
proportional to m. The number of lines of force therefore, which, 
in this view, traverse any surface, corresponds to the flux of force 
across that surface, and the force in any given direction at a point 
V in the field is the limiting value of the ratio which the number 
of lines traversing a small plane at P perpendicular to the given 
direction bears to the area of that plane when the latter is 
indefinitely diminished. 

If the point 0 were eccentric, the equality of flux over all equal 
elementary areas would no longer be maintained, but the flux 
over the whole surface would, as we know from Art. 45 , or as 
would result at once from the equality of flux over every 
transverse section at any point of an elementary tube of force, 
proved in Art. 100, still remain equal to We know also 

from Art. 45 , or we might prove at once from Art. 100 , that the 
total flux across a closed surface of any form surrounding 0 
would be 47r^y/. 

If there were any number of sources or sinks within the closed 
surface, the traversing flux across the whole surface from each 
such source or sink would be 47r w., where is the numerical value 
of the charge at such source or sink, and the flux is outwards or 
Inwards according to the sign. 

The total flux in this case across the inclosing surface would 
be 47 r (Sp En), where Ep and are the sums of the charges 
of the sources and sinks respectively, and would be outwards or 
inwards according as 2/? was greater or less than En. 

If there were any number of sources or sinks in the field 
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i^xternal to the aforesaid surface, their existence would not affect 
the value of the total flux across the whole surface. 

102. ] Suppose that a tube of force, elementary or otherwise, in 

any electric field, is limited by transverse surfaces S and S', and 
that it contains electrical distributions, such that the difference 
of the sums of the masses of the positive and negative charges is 
m, then the flux offeree across the whole surface of the tube tlius 
closed from within outwards will exceed that from without in- 
wards by the quantity if the preponderating included 

electricity be positive, and the former flux will fall short of the 
latter by ^Tim if the preponderating electricity be negative. 

But the flux of force across that portion 
of the tube's surface which contains the 
lines of force is zero. If therefore the 
direction of the lines of force be from S 
to S' (sec Fig. 8), the flux of for(?c across 
S' will exceed or fall short of that across 
S by the quantity 4 urn, according to the 
sign of the preponderating included electricity. 

If ¥ and ¥ be the forces normal to S and S' at any points in 
them respectively, and if tti be now taken to represent the altje- 
Iraical sum of the included electricity, these statements are 
expressed by the equation 

F'dS'-jjFdS = i-nm. 

Tlie portions of any surfaces in an elect ric field intercepted by 
the same tube of force are called corresponding smfaees, and there- 
fore in proceeding along any tube cf force, finite or elementary, 
the fluxes across corresponding surfaces are continually increased 
by the quantity 4 77//^, where m is the algebraic sum of the elec- 
tricities included in the tube in its passage from any one surface 
to any other, such increase being a numerical decrease when m is 
negative. And if there is no such included electricity, or if its 
algebraic sum is zero, then the fluxes across the corresponding 
surfaces are all equal to one another. 

103. ] Suppose that there is in the field a surface S charged 
with electricity, the density at any point P being or. 
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Let (IS be an element of S about the point P, and conceive a 
small cylinder to be drawn with its 
generating lines passing through the 
contour of dS and perpendicular to 
that clement. 

The total flux across this cylinder 
must be equal to the included elec- 
tricity, i. e. to (T(1S, 

Also, if the length of the cylinder's axis be indefinitely dimin- 
ished, the lliix across the curved surface will become infinitely 
less than either of the fluxes across the bounding jdanos, and 
these fluxes therefore must ultimately difler from one another by 
^^TicrdSy so that if N and be the forces in the field normal to 
•IS and on opposite sides of it, we have 

h^'dS^NdS-ATicrdS, or A'-A = ^7r(r. 

Ilcnce the force normal to an electrified surface changes 
suddenly in value by the quantity 4 tto* in passing from one side 
ol' the surface to the other ; and we may also prove that the 
normal force u])on the electrified element of the surface itself is tluj 
arithmetic mean of the normal forces whi(;h woiild act on that 
clement if ])laced first on one side and then on the other of the 
surface. For, considering the elementary cylinder above* men- 
tioned, it is clear that, the for(;e arising from all the electricity in 
the field, besides that on the element dS, must be eontimious 
throughout the cylinder, inasmuch as all the electricity from 
which it arises is without the cylinder, and therefore the normal 
force throughout the cylinder arising from that external electricity 
will be ultimately the same it is at the surface. Hut the 
normal force arising from the charge on tlie included element 
erdS on jKiiiits at any equal small distances from the surface and 
on ojq)osile sides must be equal and opposite, and therefore the 
sum of the total normal forces on either side of the surface must 
be equal to twice the normal force of the external electricity 
throughout the cylinder ; or the normal force of the external elec- 
tricity at the surface must be the arithmetic mean of the total 
normal forces on o))positc sides of the surface ; and therefore the 
normal force on the elementary charge adS is the arithmetic 





Fig. 9. 
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mean of what the normal forces on the same charge would be if 
placed on each of the two sides of the surface respectively, for the 
charge adS can exert no force ui)on itself. 

It is clear also that the charge a dS can exert no tangential force 
in one direction rather than another, and therefore the force 
resolved tangentially must be the same on either side of the 
surface. If therefore F and F' be the forces on opposite sides of 
the surface, and if i and be the angles between the lines of force 
and the surface normal, we have 

F' cos i' = cos i + 4 TT (T, 

F' sin i' = F sin i ; 

and therefore tan i = tan i' (1 + tv 

/cos^ 



or the lines of force on traversing a surface with supciTicial elec- 
tric density a are deflected towards or 
fron) the normal according as a is posi- 
tive or negative ; see Fig. 10. 

It appears also from the foregoing 
that the force exerted by an element 
dS of a surface of superficial density tr 
at points very close to dS is a normal 
force 271(7, and repulsive or attractive 
according as (7 is -f or — . 
jQ trace the possibles 

course of an elementary tube of force 
through an electric field in equilibrium. 

The axis of such a tube in pas^ng through any point Pmust 
proceed from P towards regions of continually diminishing po- 
tential. 

It may then pass on to an infinite distance if it encounters no 
free electricity. 

Or it may traverse a charged surface, in which case, if the 
transit be oblique, it will bo bent through a finite angle at the 
surface in the manner above explained. 

If this charged surface be that of a conductor, the line, or rather 
elementary tube, of force will proceed no further, but it will be, so 
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to speak, quenched in the mik afforded by the negative density 
of the surface at the point or element in which it meets it. 

Or it may traverse a region of finite volume density, in which 
case it suffers no abrupt retraction, and if the density of the region 
be positive the tube emerges therefrom with augmented flux, if 
the density be negative the tube may be, as in the case of the 
conductor, quenched in the sink thus afforded and proceed no 
further. 

If the tube, elementary or finite, has emerged from a positively 
charged conducting surface and is quenched, as above described, 
in another conducting surface without traversing any region of 
electric charge, tlien the positive charge on that portion of the 
surface of emersion contained within tlie tube must be equal in 
magnitude to tlic negative charge on the corresponding surface of 
the surface of reception; or, in the languages of Faraday, the 
number of lines of force emanating from the source is equal to 
those quenched In the sink. 

In other words, the number of lines of force emanating from 
or converging to an elementary area of any conducting surface is 
a measure of the positive or negative density of the electrification 
of that surface. 



CHAPTER VI. 


AITLICATION TO PARTICULAR CASES. 


AinicLE 105.] It is proved above that whatever be the given 
charges or potentials on a system of conductors, combined with any 
fixed distribution of electricity in space, there exists always one, 
and only one, mode of distribution upon the conductors consistent 
with equilibrium. 

Rut the actual solution of the j)roblem, the determination, 
that is, of the actual density of electricity at a point of any 
given conductor, is one of great difficulty, and has only been 
achieved in a few simple and comparatively easy caries. 

Cane of an infuite coiuhtelhig plana and an chdnfed poinl. Let 
there be an infinite conducting plane, and a unit of positive 
electricity fixed at a point 0 above it. It is required to find 
the density at any point in the plane in order that the jiotential 
of the plane may be everywhere zero. 

The potential of the required distribution on the jdanc must 
be equal and opposite to that of the unit at 0 at all points on the 
))lane, and therefore also at all points in space on the opposite side 
of the ])lane to 0, by Art. 00. 

If a unit of negative electricity were placed at O', the optical 
imago of 0, formed with respect to the plane as a mirror, its 
jioUmtial at any ]toint of the plane would be equal and opposite 
to that of the unit at 0, and therefore equal to that of the 
required distribution. It would therefore also be equal to that 
of the required distribution at all points in space on the same 
side of the plane as 0. 

Let / be the potential of the retjuired distribution, and of the 
unit at 0. Then, by Poisson’s equation, the density of the dis- 
tribution at any point V in the jdane is 


dv ^ dv'r 


_i 

47r ^dv 


0 - = — 
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where dv is an element of the normal to the plane measured 
from the plane on the same side of the plane as 0, and dv 
the same thing on the same side as O'. 

Now the value of V at any point P on the same side of the 
plane as 0 is 

\ 

OP (/T 


and on the opposite side of the plane V is constant because it is 

constant over the plane, and there is no electrification on that 

side of the plane. 

m,. dV ^ 

Therefore = 0. 

dv 


Also on the plane 
and •— \t((t 


1 _ 1 
OP op’ 

dy__d i\ _ J ) 
Hv'^dvXdP O'PJ 


therefore 


— 9 r. . 
dv OP^ 

1 d 1 
27r dv OP ’ 


and if h be the distance of 0 from the plane, r the distance of a 
point P in the plane from the intersection of 00' with the plane, 
_ 1 d ^ 

^ 2tt dh 
”■ 271 OP^’ 


which determines the density at any point in the plane. 


106.] In certain very simple cases the value of Pmay be deter- 
mined by the integration of Laplace’s equation. For instance — 
Two infinite conducting jilanes at given poteniiah. Let tln^ 
planes be parallel to the plane of xy. Then, since the density is 
uniform throughout each plane, Y is in this case a function r>f 

(V^ V 

z only, and Laplace’s equation becomes which Y 

can be found with two arbitrary constants, and the constants are 
to be determined by the given conditions on the planes. 
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(1) Tivo infinite coaxal cylinders. 

In like manner, if we have two infinite coaxal conducting 
cylinders at given^ potentials, the density is uniform throughout 
the surface of each cylinder, and F is a function of r, the distance 
from the axis. Laplace’s equation is in this case 

d^V 1 dV ^ 

dir T dr 

which admits of integration. 

(2) Two concentric spheres. 

Again, if there be two concentric conducting spheres at given 
potentials, the density is uniform throughout the surface of each 
sphere, and F is a function of r, the distance from the centre. 
Laplace^s equation becomes in this case 

dPV 

di^ r dr * 

which admits of integration. 

In this problem, as in the last, the two arbitrary constants 
which enter into V in solving the differential equation must be 
determined with reference to the given conditions on the cylinders 
or spheres. 

107 .] Case of an insulated Conducting Sphere in a Field of 
Uniform Force. 

Let us take the direction of the force for axis of x. Let X be 
the force, a the radius of the sphere, V the potential. Then F 
must satisfy the conditions, 

(1) F is constant and = (7 on the surface of the sphere \ 

(2) V®r= 0 at all points outside of it ; 

(3) r = — Xx + O' at a sufficiently great distance from the sphere ; 

(4) The total electrification on the sphere is zero. 

The function 

where r is the distance of any point from the centre, satisfies all 
these conditions. 
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108.] Case of an tminsnlafed CondMcling Sphere and another Sjdiere 
otitside of it uniformly filled with electricity of density p. 

This is the same problem as that treated in Chap. Ill, Art. 65. 
We give another method of solution. 

Let C be the centre, 
a the radius, of the 
conducting sphere ; and 
let 0 be the centre, h 
the radius, of the other 
sphere- 

Lct OC =/. Let 
r be tlie potential of Fig. n. 

tlie whole system. 

It is required to find the density of the induced distribution 
on the conducting sphere which gives zero potential on that 
sphere, and the general value of V in this case. 

y has to satisfy the conditions, 

(i) F = 0 at all points on the conducting sphere ; 



e 


(2) F = 0 at all points external to both spheres ; 

( 3 ) F-h 47rp = 0 within the non-conducting sphere. 

^2 

Take a point E in CO such that EC = • 

• J 

Let OV = r, EP == /, where P is any point. 

Let be the potential of the charged sphere at P. Then if 
4 TT 

= —— or the total charge of electricity in the charged 
3 


sphere, the function 

satisfies all the conditions, and must therefore be the required 
potential. 
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For outside of the charged sphere Tq = ^ , and tlicrefore the 
above equation becomes 

Now by a known property of the sphere, if the point P be 
on its surface, 

PP _ / _ a 
O P r 

Therefore for a point on the conducting sphere F = 0. 

Also for a point outside of both spheres 

- = 0 and V* • V = 0 ; 
r r 

therefore V^r= 0. 

For a point inside of tlie charged sphere 

V*r+47rp=: V-l' + 47rp = 0. 

The density at any point on the conducting sphere is 
^ e d a ) 

^ 4iT[ dv Ir f/) 

Also =/* + 1 /®— 2/j/ cos 

where the angle PCO = d, and v denotes the distance of a point 
from C\ also 

I 2 /I 

r - = ^ — -y- Z' cos ; 

and in the expression for o-, v is to be made equal to a after 
differentiation. We have therefore 

dr a— /cost? 
dv~^ r 

2 * 

dv r' 

iP . 

r c a rt - -r cos t? ^ 

^ in—fcciSiO » / ) 

"" 417 I 


? 


f 


but 


/ a 
r ==y 

6 /^“^ ft^ 

<r = — . — s— , us already found. 


47r ar® 


Therefore 
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From the form of the potential fanction 

F- £ _ fH 
r // 

it follows that the potential of the induced electricity on the 
conducting sphere in the presence of the charge e at the external 

point 0 is the same as that of the charge — at the point E. 

J 

The point E is called the electrical image of 0 in the con- 
ducting sphere. 

109.] Case of an infinitely long Conducting Cylinder^ and a 
uniform distribution of Electricity throughout the substance of 
another infinitely long cylinder outside of the former one^ and whose 
axis is parallel to that of the former one. 

In this problem V has to satisfy the following conditions, viz. 

(1) 7 = 0 on the surface of the conducting cylinder; 

(2) 0 outside of both cylinders ; 

( 3 ) V^r+dTrp = 0 inside of the charged cylinder, p being the 

density of the distribution within it. 

Let a plane perpendicular to the axis cut the axis of the 
conducting cylinder in C, that of the charged cylinder in 0. 
(See Fig. 1 of last example.) 

Let 0C=/: 

In OC take a point E such that EC = y* • 

Let r be the distance of any point E from the axis of the 
cylinder through 0, / its distance from a line parallel to the 

a 

axis through E. Then ~ every point in the section 

made by the plane with the conducting cylinder. 

Let It be the quantity of electricity contained in unit length 
of the charged cylinder. Then the potential of the charged 
cylinder at any point outside of it is 

Fo=: a-2^1ogr. 

It will be found that 

r=Fo-C?+2^1og=^/ 

= 25 log 


VOL. I. 


1 
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satisfies all the conditions, and is therefore the potential. For 
in this case r is independent of and therefore 

V»logr = (^+^,)logr. 

Now = 

<i* , 1 2a;* 


Similarly 

whence 




log 7* = 0. 


f 

On the conducting cylinder r and therefore 

r=r<,-(7+2i21og-^r'= 2i?log^' = 0. 

® a ar 

Outside of Loth cylinders 

= 0, and log — = 0 , therefore = 0 : 

« ' ^ar 

and within the charged cylinder 

V^F+47rp = V®ro + 47rp = 0. 

The density at any point on the conducting cylinder is found 
from , d ^ ,) 

where =/^ + j;^— 2/i^ cos 0, 

r'2= ^ 2^i;cos0; 

and V is to be made equal to a after differentiation. The 
result is 

^ 27ra r* 

110.] On Electric Images. We have seen in Art. 108 that if 
a sphere be at zero potential under the influence of a charged 
point outside of it, the induced distribution has at all external 
points the same potential as that due to a certain charge placed at 
a point within the sphere, and the last-mentioned charged point 
is defined to be the image of the influencing point in the sphere. 
An infinite plane is for this purpose a particular case of the sphere. 
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Every electrical system outside of a sphere, inasmuch as it may 
he regarded as consisting of a number of charged points, is re- 
presented by a series of images in the sphere, and these together 
may be said to form the image of the external system. In like 
manner, if the sphere be at zero potential under the influence of 
a charged point within it, the induced distribution has the same 
potential at all internal points as that due to a certain charge at 
a certain point without the sphere. The external point is called 
the image of the internal point. Every electrified system within 
the sphere has its image outside of the sphere. 

It can easily be shewn that no closed surface except a sphere 
or infinite plane generally gives rise to an image. 

For let S be any uninsulated closed surface, and let E be an 
external point at which a charge e is placed. If the induced 
distribution on 8 have at all points on 8 the same potential as 
that of a charge ef at a point within that is, if /^bc an image 
of E within 8, we must have 

EP _e 
FP ~ 


P being any point on S. Thus the locus of P is a sphere, that 
is, 8 is a sphere. 

111.] By the method of electric images many problems re- 
lating to the distribution of electricity on spherical or plane 
surfaces can be solved. 

The case of two spheres cutting each other orthogonally (Max- 
well’s Electricity and Magnetism, p, i68). 

Let Cj, Cg the centres, ai, the 
radii of the spheres. 

Let Cj = f. 

Let AB represent the circle of inter- 
section, E the point in which the line 
intersects the plane of that circle. 

Then C^AC^, BC^ are right angles, 
and 



/* = ai*+«a* 

o..=5:. 




I % 


Also 
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or E is the image of in the sphere , and the image of in 
the sphere C^. 

If therefore we place at a quantity of electricity at a 
quantity a^y and at ^ a quantity 

« 2 _ , 

the potential at any point on either sphere will be unity, because 
if the point be, for instance, on the sphere Cg* ^wo charges, 

a. at C. and — - — at E, 

have together zero potential at each point on that sphere, while 
the charge at Co has potential unity. 

112.] Now let us consider the conductor FACE, formed by 
the two external segments of the spheres. The aggregate of a 
distribution upon its surface, which gives unit potential at all 
points on it, is equal to 

, by Art. 60. 

This then is the capacity of the conductor. 

Again, since the potential of that distribution is the same at 
all external jwints as that of the three charges at C^, and E, 
its density is 

471 dv 


where V = -- + - ^ — 

^ t\P^ C\P 

But if P be on the sphere Cg, 


1 i. 5 3 _ J = - ~-rrri ’ 

4wrf>< (C'lP + ^ 4'n’«2 (7ji 


«! «J_ 1_ 

<h f-fi 

Hi 

1 


and therefore the density is 
By symmetry the density at a point on the sphere Ci is 
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Instead of the figure formed by the two external segments, we 
may take the lens formed by the two internal segments, or the 
meniscus formed by one internal and one external segment, and 
calculate the superficial density in the same way. We shall 
consider this problem further when we come to the Theory of 
Inversion. 

113.] Another interesting example is afforded by the follow- 
ing question : 

An uninsulated conductor ABEFB consists of an infinite plane 
with a hemispherical projection l)EF, i\\Q ^ 

centre C of the hemisphere being in the 
plane AB. A mass of electricity m is P 

situated at the point in the radius CE 
produced, where CE is perpendicular to D 

the plane. Then if the points and be 
taken on opposite sides of C such that E f 

Cw., = Cmi = 

^ ^ Cm \ 

and if be taken on mC produced such that 
Cm'=z Cm, the effect of the induced charge ^ 

on the conductor under the influence of the 
mass m. iit m may be represented by the 
joint effect of the masses — vi^ at , -f g 

CE 

at m/ and — at 7n\ where = 7 r-> *3- 

^ Cm 

For let B be any point on the same side of the conductor as w, 
and let the distances of P from m, ;///, and m' be 
and / respectively. 

T ^ „ m wi, m, m 

Let F = ^ J , • 

r r 

Then at all points on the hemispherical surface we have 

7n 7n. , m, 

- =— ad -^=r 
r r 'i\ 

and therefore F = 0 over that surface. 


* Or in other words, the induced charge on the composite conductor is equivalent 
to the imjige mx of the charge m at the clotitrical image of m in the hemisphere 
together with the image of m and in the plane. 
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Similarly at all points of the plane’s surface 
r = / and = r/, 
and therefore T = 0 over that surface. 

* • ^0 — o wi. m/ w' 

Again, V** — = V" — = V* — >- = V® :>- = 0 

^ V T-, 7*, r 


at all points on the same side of the plane as where there is 
no electricity, or where p the electrical density is zero, and at m 

V®— = — 47rp> 

T 

where p is the density within the small volume of m at m. 
Therefore at all points on the aforesaid side of the plane 


74.4-;rp=:0. 


Therefore the function V taken as above satisfies the super- 
iicial and solid conditions of the potential of u at w, and the 
induced charge on the conductor, and must therefore be the 
potential of w and that induced charge. 

In other words, the induced charge produces at all points on 
the side of m the same effect as the charges — Wj, % anil —-m at 
the points w' and v! respectively. 

From the equation 

4770-+ _ = 0, 

dv 


we easily find that the superficial density <t of the induced charge 
is everywhere negative, except at the circle of intersection of the 
hemisphere and plane, where it is zero, and that at any point P 
on the hemisphere <r is proportional to 


1 _ 1 

mP^ rn P^^ 


and at any point P on the plane outside of the hemisphere o- is 
proportional to 

mP^ 


114,] On Systems of Successive hnages. 

If we have given any two conducting spheres, including in 
that designation an infinite plane, at zero potential under the 
influence of an electrified point, the electrical distribution on 
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either sphere will he found to be equivalent in its effects to two 
infinite series of images, the magnitudes or values of which 
converge. Hence the density of the actual distribution on 
either sphere generally admits of being calculated approximately. 

For instance, let us consider a sphere and infinite plane not 
intersecting, and an influencing point in the perpendicular from 
the centre of the sphere on the plane, betw'een the centre and 
the plane. 

Let A be the centre of the sphere, c its radius, F the influ- 
encing point at which the 
charge e is placed, £ and 
H the points in which 
AEA' cuts the sphere and 
plane respectively. 

Let^iy/ = A, 7/ir=7/j?, 

II r- 

The charge at E pro«« Fig. 14. 

duces on the sphere a cer- 
tain distribution, which wc may call the primary distribution on 
the sphere, the efiect of which at all points outside of the sphere 



c % 

is the same as that of a charge yvC placed at a point bc- 

0 

tween A and E^ whose distance from A is -yyj , and its distance 

(1 y/Tr 

6 *“ 

from 7/ is That produces on the plane a distribution 

whose density we may denote by ; and the effect of this distri- 
bution over the plane at all points on the left side of the plane 


is the same as that of its image, namely, a charge 
at a point distant right of the plane. 


Let 


z= h— 




From this distribution, or its equivalent image, we derive in the 
same way a second distribution on the sphere equivalent to a 
charge 

c c ^ 

~ Te ' 
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at a point distant j from and from this again a second 

tlf “7“ 

distribution of density pg on the plane. 

We shall then have a scries of images to the right of the 
plane, whose distances from II are And 


ajj = A— 




cCn ““ A“““ . ■ > &c», 

h + x^ 


and generally 




A + aj,, 


&c. 


It is easily seen that > ^n> every x is less than 
The successive images continually approach A\ 

The charges at these images are successively 


e 

- — e. 


&c.; 


Alt * A^ li-^Xy ^ AI^ A-j-ajj A + a?^ 

and the ratio between two successive charges continually 
c 


approaches 


AA' 


Again, the charge at E induces on the plane a primary dis- 
tribution which is e(puvalent to the image of E in the plane. 
This original image is at a point distant from //, x\ = UE^ and 
the distances from II of the derived images arc 


= A- 




a? g — y~: y J 

A + aJa 

&C., &c. 

which continually approach IIA\ The charges at these images 
are successively 

— « at the first image, 

— T- " / g at the second image, 

A+a j 

and so on. 

Hence the density of the induced distribution at any point M 
on the plane, where IIM = r, is 
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L4._? L+&C.I 

E ({r®+a;i®)t (A+ajj) + ) 

C x\ c a:/ ^ ) 

■ N ■' - • &c. f • 

+ h+x\ (r^ + aj'j®)? ) 


Each series converges rapidly, and the terms soon cease to 
differ sensibly from those of a geometric series whose common 

ratio is . Hence the actual density at M can be calculated 

to any required degree of accuracy. 

The integral charge on the plane is the sum of both scries of 
images irrespective of their position. That is 

c ( c ) 

^ AH I h + x^ (/i+a?i)(A + a?2) 

115.] Another very interesting case is that of two concentric 
spheres and an electrified point placed between them, treated in 
Maxwell’s Hlecifkity. 

In that case the distances of the images from the common centre 
are in geometrical progres- 
sion. Also the charges are 

in geometrical progression, / \ 

and their sum can be accu- / \ 

rately determined. Pa Pj ^ ) 1 

Let 0 be the common \ V " y / 

centre, a the radius of the \ ^ J 

inner sphere, h the radius n. 

of the outer sphere, E the . "" 

point where the charge e 

is placed, OE = A ; all the images are in the line OE produced. 

Wc have then ^2 

an image at i\, where OP^ = 

an image at where 0(?i = ~ , 

6* ^ 

an image at -Pg, where OP^ = 

or tb 
(P 

an image at Q^, where OQ^ = — - = 
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We see then that the distances from 0 of the successive images 
derived from the primary distribution on the outer sphere are 


and the charges at those images are 
a ^ 

Again, if we start with the primary distribution on the inner 
sphere, represented obtain a second series of 

images whose distances from 0 are 


and whose values are 

a ^ 

“a®’ “6/7®’ ~Wh' 

Hence the total charge on the inner sphere, or the sum of the 
images within it, is 

t Of ah . 

h-^h a 

or ~ — . - c, 

h b—a 

and that on the outer sphere is 

h — h a h—a h 

, e = y- <9. 

h a h b—a 

116.] Another class of cases is that in which the number of 
images is finite. 

For instance, let us consider 
Y two infinite conducting planes at 

right angles to each other, in 
presence of an electrified point. 
Let the projections of the 

X' X pljines on the plane of the paper 

be XEX\ YEY% and let 0^ be 
^ an electrified point. 

The image of 0^ in XEX' is Q. 
Y' The image of 6\ in YEY' is 0^ . 

Fig. i6. The image of 0^ in XEX' is Q . 

The image of in YEY' is Oi . 
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1 1 7.] 

The two planes are at zero potential under the influence of 
4-e at and e at and If we now substitute 

for and 0^ the distributions on XEX' which have the same 
effect with them on the lower side of the plane XEX^^ and for 
C 2 the distribution representing^ it in YEjY\ the potential will 
still be zero on the plane YEY' and on the part EX of the 
plane XEX\ 

117.] In like manner instead of two planes intersecting at 

right angles, we may have n planes intersecting at angles - 

(Maxwell’s Electricity^ p. 165). Taking an electrified 
point Oj, and forming successive images in the 
planes, we shall have a series of positive points 
Oi, Og, ... and a series of negative points 
^ 2 > • • • placed symmetrically round E^ the projection 
of the common section on the plane of the paper. 

The potential is zero on every plane. 

If YEY' and &EiS^ be the two planes between 
which the point 0^ lies, we may substitute for all 
the points on the left of YEY' their corresponding 
distribution on YEY\ and for all the remaining *7- 

points except 0^ itself their corresponding distri- 
bution on ^E^\ Then the potential on the portion Y'ES of 
the system is unaffected, and remains zero. 




CHAPTEB VII. 


THE THEORY OP INVERSION AS APPLIED TO 
ELECTRICAL PROBLEMS. 


Artict<e 118.] The solution of some electrical problems 
involving spherical surfaces, or portions of spherical surfaces 
including planes, can be effected by the method of inversion. 
This application of inversion is due originally to Sir W. 
Thomson. 

Taking for origin any point 0, and for coordinates the usual 
spherical coordinates r, d, <|), let us suppose we have found the 
solution of a given electrical problem, that is, we have found 
the single function, V, of r, <j>, which is constant within each 
conductor of the system, and satisfies the characteristic equations 
at all external points, and vanishes at an infinite distance, and 
hence we have found the density at cvciy point on any conductor. 

We will then invert the geometrical system as follows : — For 
any point P of the system distant r from 0 we will take a point 

F in the line OP, and distant / from 0, where / = - , and 

T 

K is a constant line called the 
radius of inversion, and 0 is called 
the centre of inversion. 

If P and Q be any two points 
in the original system, F and 
(^‘ the points corresponding to 
them in the inverted system, the triangles POQ,, Q'OF are 
similar, and therefore 
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1 _OP;OQ 1 


or 
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Again, if Q be very near P, and if OP = r, 
P'Q'=^PQ, 

1 r* 1 


I^Q' 


PQ 


Therefore any linear element of length dv in the original 
system aequires the length -^dv in the inverted system. It 
follows that any element of area dA in the original system hc- 
comes —^dA in the inverted system; and the clement of volume 
dv in the original system becomes dv in the inverted system. 

119.] Every sphere in the original system becomes another 
sphere in the inverted system. 

For let the point E be taken in the line joining 0 with 
the centre C of the sphere, such that 


CEz=z 


6C 


where a is the radius. Let OC =/. Then, if Q be a point on 

the sphere, v,— is constant, and = 

^ ’ EQ a 

Therefore if E' and Q' be the points in the inverted system 

corresponding to E and Q, 






or 




OE OQ ■ ''' 

according as the centre of inversion is without or within the 
original sphere, and in cither case is constant. Therefore E^ is 
the centre of a new sphere. 

If the centre of inversion be without the sphere, and if 
the sphere is unchanged in position. For in that case, 

That is, the centre of the new sphere coincides with C7, the point 
which was the centre of the original sphere, and the radius of 
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Again, a plane in the original system whose perpendicular 
distance from the centre of inversion is 7 ?, becomes a sphere of 

diameter — passing through the centre of inversion, and whose 
P 

centre is in j). 

Again, a sphere of radius a in the original system passing 
through the centre of inversion becomes when inverted an infinite 
plane at right angles to the diameter through the centre of in- 

version, and distant ~ from that centre. Again, since two inter- 
im d 

secting spheres becomes spheres when inverted, their common 
section becomes a circle. Hence every circle on the original 
sphere becomes a circle on the inverted sphere. 

Again, since the triangles POQ, Q-OP' are similar, if d be the 
angle made by the radius r with any elementary line at its 
extremity, the corresponding angle in the new system is tt— d. 

Every point which in the original system is within any closed 
surface 5, not enclosing the centre of inversion, will in the in- 
verted system be within the corresponding closed surface S\ 
And every point without S will in the inverted system be 
without S\ But if 8 enclose the centre, all points within 8 
correspond to points without 8^^ and vice versa. 

Evidently every conductor in the given electrical system will 
be represented in the inverted system by a certain closed surface. 

120 .] We will now construct upon the inverted system a new 
electrical system as follows, viz. 

If p sin 6 d6d<f> dr 

be the quantity of electricity in the space-element 
r* ^m0d6d4>dr 

of the original system, we will place in the corresponding space 
element of the inverted system the quantity 

~ p r* sind dd dij) dr. 

Since as we have seen the element of volume dv in the original 

K® . . 

system becomes —dv in the inverted system, it follows that 
the volume density in the new system is -5 p = />. 
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In like manner if frdA bo the quantity of electricity on the 
surface element dA of the original system, we will place on the 
corresponding element dA! of the inverted system the quantity 


-adA. 


This g^ves a surface density a in the new system. 

We have thus constructed a new electrical system; in which 
every conductor 8 of the original system is represented geo- 
metrically by a surface 8' in the new system, and every quantity 
of electricity in the original system is represented by a corre- 
sponding quantity in the new system. 

121.] We now proceed to find the relation between the potential 
at any point Q of the original system and that at the corresponding 
point Q', due to the electricity which we have supposed placed 
on the inverted system. 

Let s denote an element of volume at P in the original system, 
p8 the quantity of electricity in it. Then the potential at Q of 

the element is v = • 

In the inverted system, ps vA P becomes at P'. And 


its potential at is 


1 op.oq 1 

whence 

K pq K 

As this is independent of the position of P and 2^, it holds 
true for the whole potential of the original system at Q, and 
of the inverted system at q\ That is, if V and denote the 
potentials at Q and 

r- 9^r- — r 

122.] It follows that if The zero for any conductor whose bound- 
ing surface is S in the original system, F' is zero throughout the 
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corresponding surface /S' in the inverted system. Therefore if 
the space 5' be occupied by a conductor, the assumed distribution 
of electricity throughout the inverted system will, as regards 
such conductor, be in equilibrium with zero potential. And 
if any electrical system consists of conductors all at zero poten- 
tial in presence of fixed charges of electricity, the inverted system 
will also be in equilibrium with all its conductors at zero po- 
tential. 

Again, let the original system be one in which the potential 
of a distribution over a closed surface S is equal at each point on 
S to that of any electrification enclosed within 8. Then if 
we invert with respect to an external point, and S becomes S\ 
the potential of the corresponding surface distribution over /S' 
will be equal at each point of /S' to that of the corresponding 
enclosed electrification. If, for instance, the distribution on 8 
have the same potential in all external space as if it were col- 
lected at a point C within /S, that is, if the original system be a 
centrobaric shell, the surface distribution over /S' will have the 
same potential in all space outside of /S', as if it were collected at 
C', the point corresponding to C ; that is, the new system will be 
ua centrobaric shell too. 

If in any system Vhe not zero for the conductor 8^ V' is not 
generally constant over /S', and the inverted system will not be 
in equilibrium with S' for a conductor. But, as wc have seen, 



If therefore we place at the centre jof inversion a charge — #c F, 
the potential of this charge, together with that of the inverted 
system, will be zero at each point on S\ 

If therefore we have given a conductor 8, and know the 
density at every point on its surface of an cquipotential dis- 
tribution giving potential F, we can, by inverting the conductor 
so electrified with any point 0 for centre and k for radius of 
inversion, find the density of the distribution over S required to 
give zero potential in presence of a charge — k F at 0 ; namely, if 
Q be the density at any point P on the original conductor, the 
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density at the corresponding point F' of the distribution giving 
■ ■ 

zero potential is o-, whefe /= OjP'. 

123.] Example, A conducting sphere of radius a, uniformly 
coated with electricity of density cr, has constant potential 
4ira<r at each point of the surface. Let us invert it with 
respect to a point 0, distant f from the centre, with k for radius 
of inversion. The sphere becomes another sphere of radius 

o if 0 be external, or — « — ^ if 0 be internal. And 

according to the general result above proved, the distribution on 
the new sphere will be such as together with a charge — /c or 
— 47rK^(r, at 0 will give zero potential at each point of the 
inverted sphere. But if dA be an elementary area of the original 
sphere distant r from 0, (rdA is the charge upon it in the 
original system. The charge upon the corresponding area in 

K 

the new sphere will be ~adAj and dA beeomes -^dlA, There- 
fore the density at the corresponding point of the new sphere is 
r® .... 

-jj- ad A or ad A, that is, it varies inversely as the cube of 

the distance from 0, 

Again, 0 being without the original sphere, lot 
then the sphere does not change its position. Let the charge 
at 0, or —iiTKaa = e, or 

e 

^ A " • 

4'n’Ka 


P 


Then the density for zero potential is 

e 

4'7rKct 

e 

— . ~ — > 

4'7ra r 


as we have already found by different methods. 

124.] Again, if at the centre of the original sphere there be 
placed a quantity of electricity — 47r«'^(r, and on the surface the 
uniform distribution of density a-, the potential at any point on 
the surface or in external space is zero. 

VOL. I. K 
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If we invert the system with respect to an external point 0 
distant/* from the centre, with for radius of inversion, 

the sphere is unaltered in position, but the original centre C 
upon which the charge —4 Tracer was placed becomes a point C', 

distant — from the centre in. the line OC, and the charge 

— 4 7x^2 AT becomes k , 

— y.47rflVat P', 

and the distribution on the inverted sphere whoso density is 
-/g a gives, in conjunction with that charge at C^, zero potential 

at each point on the inverted sphere and in external space, 
without there being any charge at 0. That which was a centro- 
baric shell with centre of gravity C has become a centrobaric 
shell with centre of gravity C, 

125.] Again, we can sometimes make use of the converse pro- 
position to that of Art. 122. 

If, namely, we have given any system in which all the con- 
ductors are at zero potential under certain electrifications, and if 
part of the given electrification consist of an electrified point 0 
at which a given charge is placed, we can, by inverting the 
system with 0 for centre, obtain a new electrified system in 
which the conductors have unit potential. 

For let — K be the charge at 0. Let us take for centre of 
inversion a point distant x from 0, and k for radius of inversion. 
Then all the conductors when inverted remain at zero poten- 

^2 

tial, and the charge — k at 0 becomes a charge — • — at a 

X 

point distant -- from the centre of inversion. Now let x be 

X 

indefinitely diminished. 

If all the conductors, when inverted, are of finite magnitude, 

the infinite charge — at distance — will, when x is indefinitely 

diminished, that is, when 0 is taken for centre of inversion, 
have potential —1 at each point on the conductors. The re- 
maining electrification of the inverted system will therefore 
have potential 1 throughout the conductors. 
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126.] As an example of this process, let us take two infinite 
planes XEX% YEY^ at right 
angles to each other, and four 9 

points Oj, Cj, Ogj 

figure, forming a rectangle whose ^ 

diameters intersect in En ^ 

Oj and 0 ^ having charges, each X' — ^ ^ 

#c, and 6^2 having charges, ^ 

each + #c, the potential is zero at * 

each point on either plane. 

Let y be the distance irre- y* 

spcctive of sign of any one of li^g. ig. 

the four points from the plane 

XEX\ X the distance of any one of them from the plane YEY\ 
If we invert the system with 0^ for centre and k for radius, 
the two infinite planes become two orthogonally intersecting 
spheres. The common section of the planes becomes the circle 
of intersection of the spheres and passes through Oj. The 
plane XEX' becomes a sphere whose centre is (7/, the point 

corresponding to and whose radius is flg = g— • 

Similarly the plane YEY' becomes a sphere whose centre is 

Co and whose radius is = -- • 

The portion XEY' of the two infinite planes becomes on inver- 
sion the figure formed of the two outer segments of the spheres. 
Similarly X'EY becomes the lens formed of the two inner seg- 
ments, and XEY^ or X^EY\ becomes a meniscus formed of the 
outer segment of one and the inner segment of the other sphere. 
(Sec Fig. 19 .) 

• . K“ 

The charge at C/ is — or and the charge at C{ is - or 
2y 2 

^ 2 , and the charge at 0^ is 

_ 

2>/a?® + 2/* 




that 18, 



132 


INVEBSION— PARTICULAR CASES. 


[127. 


We obtain therefore tlie system already treated in Art. 112. 

Further, if before inversion we substitute 

e for the charges at Cj and 0^ their equiva- 
lent distributions on the plane XEX\ 
and for its equivalent distributions on 
YE1\ these densities on XEX' and YEY^ 
will in the inverted system give unit po- 
Ijijg 3 Q tential on XEY\ and are the same which we 

found by a different method in Art. 112. 
127.] Again, instead of two infinite planes, let there be 2ri 
infinite planes, having a common section E and making with 


Fig. ao. 


each other the angle -- • 
^ n 


Let there be n negative points Oj ... each having charge 
— K, and n positive points 6\ ... each having charge -f k, all 
at the same distance from E and placed alternately, so that 
each negative point is the image of the next positive point 
in the plane between them. Then all the planes are at zero 
potential. 

Let YEY' and SES' be two adjacent planes. Let the n points 
on the left of YEY' be replaced by the corresponding distri- 
butions on YEY^ and the w— 1 points on the right of YEY\ that 



Fig. 21. Fig. 22. 


is, all the points on that side except 0^, be replaced by their 
corresponding distribution on SES>, Then the portions S^EV 
are at zero potential. 

When we invert the system with respect to Oj, S^EY' becomes 
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the figure formed by the outer segments of two sphtros inter- 
secting at the angle ~ • 

The density at P', any point on the outer segment of the 

0 p3 Q ps 

sphere corresponding to ¥E¥\ is that is, '-- g- <r, where 

<T is the density at P, the corresponding point to P', of the 
distribution on ¥E¥\ which can be determined without mucli 
difficulty. 

128.] Returning to the conductor XE¥'0 of Art. 12G, with iis 
surface distribution above determined in Art. 112, let us invert 
the system, taking for centre of inversion a point on the internal 
segment of the sphere Q. 

The sphere G.j, becomes then another sphere, and the sphere 
Cl an infinite plane cutting the inverted sphere Q orthogonally, 
that is, a diametral plane, and the external segment OXE be- 
comes the portion of that infinite plane which lies within the 
new sphere C!^. So that the figure XEY'O becomes on inversion 
the closed surface formed by a hemisphere and its diametral 
plane. Let E be a point on the outer segment of the sphere (7,, 
P' the point on the diametral plane which corresponds to P. 
And <r being the density above found for P, namely 


^ il-3' I 
4^a,r 


the density at required to give zero potential under the 
influence of a charge unity at a point 0 within the hemisphere is 


OP'* 


129.] The construction for finding <r in terms of known 
quantities on the hemisphere will be as follows. 

Let C be the centre of the hemisphere, a its radius, 0 the 
point where the unit charge is j)laced. Then by inverting the 
system with respect to 0, we shall reconstruct the original figure 
of two orthogonally intersecting spheres, which by its inversion 
gave rise to the existing system of the hemisphere and plane. 

Let be the image of 0 referred to the existing sphere. 
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Then the point corresponding to Cg becomes on inversion the 
centre of one of the two original spheres. Inasmuch as the 
absolute value of k affects only the scale, 
and not the proportions, of the inverted 
figure, we may take 06^ = k. 

Then becomes the actual centre of 
the now sphere. Its radius is 

0(V 



Fig. 23. 


The radius of the other orthogonally inter- 
secting sphere, that namely into which the 
infinite plane is converted, is 


a. = 


oci 

20N' 


Let P' be a point on the diametral plane, and on inversion let 
F become P on the sphere. Then 

, _ 00,^ 

OF* 


OP. 


Then 


00 


Thus all the quantities in the expression for o-, namely 

\ 

47r«J C,P^V 

are known in terms of given dimensions in the hemisphere, and 
therefore the density at P is known. 

In like manner we might find the demsity of the same dis- 
tribution at a point on the hemis]>hevieal surface. 

130. ] By inversion of the system of sphere and infinite plane, 
or two concentric spheres. Arts. 114, 1 lo, with the point at which 
the charge is placed for centre of inversion, we obtain two spheres 
external to each other at unit potential, and the density at any 
point on either sphere required to produce this result can be 
calculated approximately. The subject is fully treated in Max- 
well’s Electricity^ Cliap. XL 

131. ] We shall here give only one more example of the method 
taken from Sir W. Thomson’s papers. 
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It is proved in treatises on attraction that an ellipsoidal 
shell between two similar, coneentric, and similarly situated 
ellipsoids has constant potential at all points on its surface, and 
that if its equation be 


— 4 . ^ 

a* 




the external equipotential surfaces are the confocal ellipsoids 
whose equation is 

a?* 2/® _ 1 

The thickness of such a shell when the ellipsoids nearly coin- 
cide is proportional to the perpendicular from the centre on 
the tangent plane at the point considered. It follows that the 
density of electricity on the surface of a conducting ellipsoid 
which gives constant potential at all points on that surface, in 
the absence of any other electrification, is proportional to p. 

If the axes a and h of the ellipsoid arc equal, and if c bo 
diminished without limit, the ellipsoid becomes ultimately a flat 
circular disc. And therefore the density of the equipotential 
distribution of electricity at any point on the surface of such a 
disc is proportional to the limiting value of p for that point. 

Now generally 

1 __ aj® 2/^ 

V “ a* V 7 


■ " ' _2 


, if a = 6, 


a* I a* 

and the limiting value of p is therefore proportional to 


Va*— (07^2/0 

Let G be the centre of the disc, P any point on it. Let 
Then the density at P is 


where A. is a constant. 
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To determine A, we note that the potential at the centre is 

^ p kdr „ . 

2'ir I — -rrTr=7r®A, 

Jo v^a*— r® 

and if the potential be unity A = . The density of the distri- 

bution which gives unit potential is therefore 

1 

TT® 

and the whole charge on the disc is in this case 

1 2 TT . r dr 2 a 


2a 


Therefore — is the capacity of the disc. 


(a) 


132.] The potential of the disc so charged at any point M in 
its axis of figure, for which CM = /^, is 
1 2irrdr 2 . .a 

— / rrr = - tan 

ifVo v'a^-r* + 


= {b) 

TT 

if j3 be the angle C3IAy where A is 
a point in the circumference of the 
disc. 

Again, the cquipotential surfaces 
to the disc are the confocal cllip- 
soids whose equation is 

+ 2/^ ^ - 
+ A® ' 

and since the potential of the disc at the point in the axis of 

2 . 


c 

Fig. 24. 


distant h from the origin is 


TT h 


it follows that the potential of the disc at the point y, z is 


- tan*' - , 

TT h 


where h is the positive root of 
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To find the potential at* any point P in the plane of the disc 
distant r from the centre we make - 2 : = 0, and therefore the 

potential at P is 2 a 

“ tan"^ (c) 


133.] Let us now invert the disc with respect to a point 0 in 
the axis with #c for radius of inversion. The infinite plane now 
becomes a sphere passing through 0, and the disc a spherical 
bowl, whose rim is a circle at right angles to the axis. The 
colatilude of that rim measured from the point where the axis 
cuts the bowl is the vertical angle of the cone at 0. Let it be a. 

The density on the bowl, according to the method of inversion, 
is that which would be assumed by the bowl as a conductor in 
presence of a charge — k at 0. And we 
can find the potential at any point M in 
the axis due to a spherical bowl under 
influence of a charge at the extremity 
of the diameter thus : 

For simplicity lot #c, the radius of 
inversion, = OA^ the distance from 0 to 
the rim of the bowl. Then the rim of 
the bowl coincides with the circumference 
of the disc which the bowl was before 
inversion. Find J/', the point in the 
uninverted system corresponding to M, that is, let 


O 



OM- OM' = 0A\ 

2 3 

The potential at M' due to the disc was — > where 2^ is the 

TT 

angle of the cone subtended by the disc at M\ And the 
potential at M is 2 ^ 

OM TT 


Now the triangles A03f and M'OA are similar. Therefore 
p = 0AM, if OM < the diameter, or tt—OAM if OM > the 
diameter, and the potential at M due to the disc under the influence 
of a charge OA at 0 is 2 ^ 

OM ' It ' 


{d) 
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Again, the potential of the bowl so influenced at any point P 
on the remaining segment of the sphere whose colatitude is 6 is 

P, where V is the potential of the uninverted disc at the 

point in its plane which on inversion becomes P, And 

Tr 2, NA 

V = -tan ' r- — 

IT yiVP'*-AAa 



134.] We have thus dealt with the case of a conducting 
circular disc, which may be regarded as part of an infinite plane 
of which the infinite external part is non-conducting. 

We will now take the converse problem, namely, that of a 
circular non-conducting disc of radius a, the infinite external 
portion of the plane of the disc being a conductor. Let it be 
required to find the density at a point on the conducting plane 
when that plane is at zero potential under the influence of a 
charge at a point in the non-conducting disc. In order to solve 
this problem we will invert the conducting disc when at unit 
potential as before determined, with respect to a point 0 in itself 
distant/ from C the centre, and with /^ for radius of in- 

version. The disc then becomes the infinite external plane, and 
the infinite plane becomes a disc, the boundary between Jthc two 

after inversion being a circle of radius 
Uy and whose centre (/ is distant / 
from 0 pn the opposite side to C, 

Let be a point in the plane 
outside of the new circle, P' the 
point within the original conducting 
Fig. 26. disc which on inversion becomes P. 

Then the density at P, when the infinite plane is at zero 
potential under the influence of a charge — fc at 0, is 

^ ^ 



Let 


or^ TT® 

CP = r, IPG’O = e. 
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Then 

and the density at P is 


K‘ 

OP^ 


or — ■ 


a»-/* 1 1 


'■* OP^ TT* v^r»-'a*' 

The density atP due to a uniform ring of electricity of density 
■ 1 in Jlie plane of the disc distant from (7, f is 

tP VP—a^ Jo 


P+f- 

_ 2 
TT 


-27/ COS 0 


{9) 


The aggregate of the distribution over the plane due to any 
electricity m in the disc distant /from the centre is 

2TTrdr 


m , 


= - m. (h) 

135.] If the whole non-conducting disc be covered with 
electricity of density —1, the density at P in the surrounding 
plane when at zero potential under that influence is 


2 

'IT 


(" ViP-f . fdf, 


Jo r* — /^ 


or 


TT ( ^ pi _ _ Qi ) 

Now let the entire plane, including the non-conducting disc, 
be covered with a uniform stratum of density + 1. There will 
then be zero density on the non-conducting disc, which may 
therefore be regarded as a circular aperture, and the conducting 
plane will have constant potential, and the density at any point 
upon it distant r from the centre of the disc is 

- tan ^ , +1. 

TT ^ Vr^-a^ 


This differs from the constant density + 1 by 

?j 

i V a/ 7^ — d^ S 

If therefore we have an infinite conducting plane with a circular 
aperture, the total charge that must be placed upon the plane in 
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order to bring it to the same potential as a complete plane would 

have when coated with density + 1, is 

ardr . T* » i a 

4 / rdr tan”^ (i) 

or the same quantity which would be removed from the infinite 
plane so coated in the act of making the aperture. 

136.] We will now proceed to Sir W. Thomson’s problem, to 
find the density of electricity on a spherical bowl, or portion of a 
sphere cut off by a circle, when at unit potential under the 

Q influence of il.s own charge 

alone. In order most easily 
/ \ \ etfcct this, let us recur 

I \ to the non-conducting disc 

/ V / / \ / infinite external con- 

ducting jdano, and instead 

A P c 8 ‘ of the density of electricity 

on the disc being uniform, 

let the density at P be — i where Q is a point in the axis 

of the disc distant k from the centre, and P any point within 
the disc distant / from the centre. Then 

_ 1 

</P‘ 

The density at any point in the conducting plane, when at zero 
potential under the influence of this distribution, is 

Let / =r A cot ” > a = A cot ^ > r = A cot ^ > 

, TT a TT B ^ TT 6 

where and 

are the angles subtended at Q by/, a, and r respectively. The 
integral then becomes 


II/- 


cot _ cosec* 

A 




cot* cot* I 


(cot* I — cot* 5 ) cosec* ^ 
2 2 « 



137*] INVERSION — PARTICULAR CASES. 

This may be put in the form 


141 


1 2 r 


Sin ^ 
2 


sina\/cos cos 
co8(?— cosa 


Let 


V cos “ cos a = Xy 
cos /3 — cos a = aj®, 
sinac^a = 2xdx. 


Then when 
Then f 


a rrTT, a? = \^cos /3+ 1, and when a = ^, a; = 0. 

sin aVcon fi—coa a ^ T 

cos d — cos a Jo ’ cosd — cos/3 + a;® 


= 2|\/cos/:i+l - >/cosd— cos^ tan“"^ a/ 

I V COS0— cos/3) 


Hence the density is 

2 . „d ( / cos^-f 1 

2 '( V cos e/-- cos /3 


-tan-‘ , 


COS /3 + 1 
cos 0 — cos 



137.] Lot us now again invert the system, taking Q for centre 
of inversion, and h for radius. The infinite plane becomes a 
sphere whose diameter is The infinite conducting 

plane outside of the disc becomes a spherical bowl, cut off by a 
circle at right angles to QC, and whose colatitude measured from 
the pole Q is j3. (See Kg. 27.) 

The density on the remaining segment of the sphere, which 
before inversion was 7^2 

on the disc, is constant, and equal to ^ • The potential of the 
bowl remains zero : and the- density upon it at colatitudc 6 is 



where p is the density at the corresponding point of the 


plane. Hence the density at colatitude d on a spherical bowl, 
which makes the potential zero in presence of a uniform charge 


of density — 


1 

A 


on the remaining portion of the sphere, is 


2 C / cos fi+i 
rnh \ y/ cos d— cos^ 



cos + 1 
cos 0 — cos 
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138.] Let us now place round the sphere a concentric and 
nearly equal sphere with a uniform density of electricity -f i 

upon it. When the two spheres ultimately coincide, the potential 
at any point on the bowl, which was zero, is now 2 7r. The 

density upon it is the density on the remaining seg- 

ment of the sphere is — t + / > or zero. 

h h 

Therefore is the density at colatitude & of the distribu- 


tion on a spherical bowl which gives potential 2 tt in the absence 
of any other electrification, and therefore — + is the 

^ ’ 271 27r/i 

density which gives unit potential under the like circumstances. 

139.] The capacity of the bowl is therefore 




4 Jo 'W’A ( cos d— cos l3 cos 0— cos /i) 

Ji 

+ - / sin Odd 
Vo 


The capacity of the bowl formed by the other segment of the 
sphere is ^ ^ 


Hence we see that if a sphere be divided by a plane into any 
two parts, the sum of the capacities of the two parts exceeds the 
cajiacity of the sphere by the capacity of a circular disc coin- 
ciding with the intercepted plane. 


If the bowl be hemispherical the capacity is - + ^ > a being 

TT 2 

the radius, or the arithmetic mean between the capacities of the 
sphere and disc of the same radius. 

140.] Recurring to Art, 138, let us next place at the centre 

A 

of the sphere of which the bowl forms part, a charge — - . This 

2 

will reduce the potential of the bowl to zero. 
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We may now again invert the system so formed, taking for 
centre of inversion any point 0 whether in the spherical surface 
or not, distant f from the centre. In that case, if 0 be not on 
the surface, the sphere becomes a now sphere, and the bowl 
becomes a new bowl. In the particular case of 0 being on the 
original spherical surface the new sphere is an infinite plane, and 
the new bowl a circular disc upon it. 

The centre of the original sphere becomes O', the image of 0 in 

• 

the new sphere; and the charge — - at the centre becomes a 

2 . 

fh 

charge — “ g image. 

If T be the distance from 0 of a point P on the new bowl, tr 
the density of the equipotential distribution, as found above, at 

the corresponding point of the original bowl, then — or is the 

density at V of the distribution on the new bowl which gives 

f h 

zero potential in presence of — ~ - at O'. 

K u 

We can therefore give the following rule for finding the 
density at any point on a spherical bowl under the influence df 
an electrified point 0 not on the surface of the sphere. First, 
find O', the image of 0 in the sphere. Secondly, suppose the 
system inverted with respect to O', and a new bowl so formed^ and 
let )8 be the colatitude of the rim of the supposed new bowl, and 
let Q be the colatitude of P', the point on the supposed bowl 
corresponding to P on the given bowl. Then we know o-, the 
density at P' of the equipotential distribution on the supposed 
bowl, as a function of p and 0. And if r be the distance of P 

from O', the density at P is proportional to • 


141.] On the effect of making a small hole in a sj}hencal or 
infinite plane conductor. 

The above results enable us to estimate some of the effects of 
making a small circular aperture in a conductor otherwise 
spherical. 
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For instance, let 0 = tt— y, where y is a very small angle. 
The spherical bowl becomes then a spherical conductor of radius 

> with a small aperture whose radius is - y, 

2 2 

Its capacity is 

^ la ,• a\ ii. i ^ A y— siny 

— (^+ 8111 ^), that IS 2 - 2 • — — - • 

The capacity of the complete sphere is ^ . ^We see then that 

a 

the effect of making an aperture, whose radius subtends at the 
centre the small angle y, is to diminish the capacity by 

h y — sin y 
2 w 

If A be the area of the aperture, we may write, neglecting 
higher powers than y‘\ 

h y— siny ^ ^ 2 

- • = A - } where A = 7 "T • 

2 TT fr Siri 

Again, the conductor being charged to unit potential, the 
density at a point whose colatitude is 0 (less than fi) is 

V 5 / cos /iJ + 1 f ~i A / d- t 

COS COS cos 5— -cos /:^ ) 27r/i 

Now is the uniform density which would give unit 

potential on the complete sphere. The term 

1 ( / cos /j 4-1 _ . / cos~^+ 1 ) 

7r‘‘*/i ( cos — cos /3 y/ cos 6 — cos 3 

expresses the density due to the existence of the aperture. 

The total quantity of the distribution due to the aperture on a 
ring between the parallels of 0 and 0 -f d9 is 


^sindddC / cos/3+1 / cos/:J-|-l ) 

2 TT ( cos d— cos /3 cos 6^ — cos /:< 3 

Now unless 6 be very nearly equal to ir, not only does 


a/ 


cos /3 4- 1 
cos d— cos /3 
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itself become very small, but also it tends to vanish in a ratio of 
equality with / 

V 008 0—008)3 

Hence if 0^ be a value of 0 which is, and 6^ a value which is 
not, nearly equal to )3, it is easily seen that the quantity of the 
distribution due to the aperture on the ring between 0^ and 
02 is very small compared with that on the ring between jS and 
0^. The distribution due to the aperture has therefore the same 
effect as if it were all collected on the aperture. 

For instance, 

J$ i V cos 0—008)3 V cos 0 — 008/3) 

+»o. 

Je (008 0—008)3 3 
and is independent of 0. 

The system is therefore equivalent to a complete sphere 
charged to unit potential, that is, having a uniform density 

? on its surface, together with the additional charge 


h y — siny 

2 TT 


on the aperture. This quantity 
h y — siny 
""2 " it ’ 


shall be called the abnormal charge, since it constitutes the 
difference between the capacities of the perfect and the im- 
perfect sphere. 

Let P be any external point distant r from the centre of the 
sphere, and / from the centre of the aperture. Then the po- 
tential at P of the charged sphere is 

li h y— siny 1 

2r 2 IT / * 

or is the potential of the perfect sphere, together with that of 
the abnormal charge 

h y— siny 

2 Tt 

placed on the aperture. 

VOL, I. 


L 
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142.] Let us now invert the charged conductor, taking for 
centre of inversion a point 0 . 

On the imperfect sphere when charged to unit potential, such 
point not being very near the aperture. The sphere becomes then 
an infinite plane with a circular aperture, at zero potential under 
the influence of unit charge at 0. And the potential at any 
point P on the opposite side of the plane to 0, instead of being 
zero, is that due to a small positive charge upon the aperture. 

These results, which are accurately true in the limit as the 
aperture vanishes, are approximately true for a sphere whenever 
the aperture subtends a very small angle at the influencing 
point. 

To find the cflect of a large aperture it would be necessary to 
find the potential at any point due to a spherical bowl charged 
to unit potential, when is not nearly equal to -tt. This might 
be done approximately by the method of Art. 61, or otherwise. 
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CONJUGATE FUNCTIONS AND ELECTRICAL SYSTEMS 
IN TWO DIMENSIONS. 


Article 143.] Let there he an infinite cylinder whose axis is 
parallel to the axis of z, and whose section is the clement of 
area dxdy, catting the plane of xy in the point x, y. 

Let this cylinder be charged with electricity of uniform density 
p, so that p is independent of hut is a function of x and y. In 
like manner we may conceive an infinite cylindrical surface whose 
axis is parallel to that of z, having o- for surface density of 
electricity, constant along any infinite line parallel to the axis, 
so that (T is independent of z, and a function of x and y only. 
If an electrical system he made up of such cylinders, the po- 
tential, F, is evidently independent of z, and a function of x and 
y only. Poisson’s equation then becomes at a point in the plane 
of X, y 

d'V . 




+ 471 /) = 0 ; 


and at a curve in the plane of xy coated with electricity we have 
as usual 

AV AY 
dv^d}/~ 

and dv, the element of the normal to the surface, is in the plane 
ofx,y. 

We may treat such a system as in two dimensions only. In 
the present chapter the charge ai a yomt P in the plane of xy 
will bo understood to mean a uniform distribution of electricity 
along an infinite line or cylinder of small section through P 
parallel to the axis of z. And in like manner, the density at a 
point on a line in the plane of xy means the density per unit 
area of a cylindrical surface parallel to the axis of z drawn 
through an element of the line at the point in question. 
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In like manner, a conductor the equation to whose surface is 
j') = 0 means an infinite cylindrical conductor whose aiis is 
parallel to the axis of and whose section with the plane of 
is /(a y) = 0. 

If P and Q be points in the plane of a?, y, the potential at Q 
due to a uniform distribution of electricity of density p along an 
infinite line parallel to z drawn through P, is evidently of the form 
p{C-21ogP(?}, 

and does not vanish if Q bo removed to an infinite distance. 
But if there be another parallel line through P, a point in the 
same plane of xy with P and Q, on which there is a distribution 
of density — p, the potential at Q is 

2plog,^^. 


and vanishes if Q be removed to an infinite distance. It will be 
understood in this chapter that the potential does so vanish, and 
therefore that the algebraic sum of all the electricity in the 
system of which we treat is zero. 

144.] Let us suppose then that in such a system there are 
certain conductors whose equations are 

/i y) = 0, /a {x, y) = 0, &c., 
and given charges are placed upon them ; and also certain fixed 
charges on given points or lines of the system. Let us further 
suppose that we have by any method obtained the solution of 
this electrical problem : that is, \vc have found the single 
function, P, of x and y, which is constant within all the con- 
ductors, and satisfies Poisson^s equations 


d^V d^V , 

+^+4^P = 0 


at every point in free space, and 
dV dY 

at every curve charged with electricity; and by consequence we 
have determined the density at any point on any of the con- 
ductors. 

The solution so found contains implicitly the solution of a 
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class of problems; all those namely that can be formed from 
the given one by substituting ^(x,y) and ri{x,y) for a> and y, 
and rj («,y), or shortly ( and ij, being functions of x and 
y having a certain property. 

145.] For let i and be so ehosen that 

dx-di .. 

j 

dy dx^ f 

f and x\ are then defined to be conjugate to x and y. 

It follows immediately that 




j. ^ - 0 


_ 0 

dx dx~ dy dy * 

By the ordinary formula for change of independent variables 
we know that 

dj\ ^ 

dx ^ dy dx ^ dy 

d^'^d^dr] d^dr\^ dri'^d^drj dr} d^^ 
dx dy dy dx dy dx dy dx 

*■ ' ^dxdy dydx' ^ 

Also =^, and ^ in this case, 

ay dx dx dy 

2 1 

Hx^ 

and d^dr} = y?dxdy. 

Again, if F be any given function of x and y, we have by 
ordinary differentiations, 

dx^ d^dr\dx dx dif ^dx' d^ dx^ dr}dx^^ 

dy d ^ drj dy dy d'lf ^dy' ^ dy^"^ dr} dy^ 
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Therefore, remembering that 

dx dx dy dy 


and that 


we get 



d^V d^V _ 

dot? d}/ ^ drf ' 


146.] Let us now take two planes, one in which the position 
of any point, as P, is determined by the values of the rectangular 
coordinates x and y, and the other in which the position of a 
point P' is determined by the values of the rectangular con- 
ductors x' and y ; and when a?' and / are connected with x and y 
by the equations 

f {»' y') V (« , y') = ^ 


where k is such a power of the unit of length as may be required 
ft]. 

to make | and ^ linear^ let the point P' in the second plane be 

called the corresponding point to P in the first plane. 

Then to every curve in the first plane of the form /{x^y) = 0 
there will be a corresponding curve ?;) = 0 in the second 
plane, and if the former curve be closed, so also will be the 
latter, and if any point P in the former plane bo within or with- 
out the closed curve f [xy y) = 0, the corresponding point P' in 
the latter plane will also be within or without the closed curve 

/ (i, n) = 0. 

It follows from the equation 

dr] d^ _ 

dx' dx' dy' dy' "" ’ 


that the curves ^ = a, ly = 5 in the second plane intersect each 
other at right angles ; these curves may be regarded as a species 
of curvilinear coordinates, the case in which they arc linear being 
that in which the point P' is always so taken in the second plane 
that its coordinates referred to axes inclined to those of a?', y' are 


^ The quantity Ic will be omitted until we come to the application to special 
cases, none of the general results obtained in the next few Articles being affected 
by regarding h as unity. 
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146.] 


respectively equal to the coordinates of the corresponding point 
P, viz. X and y in the first plane. 

It follows also that any two curves, as 

y) = 0, f{x,y)^% 

in the original plane intersect each other at the same angle 
as the corresponding curves 

^(6r?) = 0, /(f, r,) = 0 

in the new plane. 

For the tangent of the angle which the tangent to F{x^ y) = 0 
at any point P makes with the axis of x is 


and this is equal to 


dy 

d 


F{x, y) 




from the relations between x and y and ry. 
But 


dr 


drj 


dr\ 




is = ~ in the curve P(£, ry) = 0 at the point P corresponding 

to P in the second plane, i.e. it is the tangent of the angle 
between the curve P(f, ^) = 0 at P' and the curve yy = const, 
through P', since the curves rj = const., f = const., intersect 
everywhere at right angles. • 

Also, if dA be any elementary area dxdy in the original plane, 
we have 

dA = dxdy = d^drj. 

But from the last article 

d^dirj = \^dx'd\f^ 

and therefore if dA be the elementary area in the second plane 
corresponding to dA in the first plane, we have V 

dA 
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And in like manner the length of any elementary line in the 
second plane corresponding to the element dv in the first plane 

may be proved to be 

147.] Suppose now that we have any given electrical system 
of two dimensions in equilibrium in the original plane of a?, y, 
with conductors whose bounding equations are given by closed 
curves of the form f (a?, y) = 0, the algebraic sum of all the 
electricity being zero. Construct in the new plane of y' a 
system of corresponding curves /(f, r]) = 0, and for every lineaf 
or superficial charge in the original plane of ^,y, place the same 
linear or superficial charge upon the corresponding lines and 
areas in the new plane of a?', y'; then the electrical system so 
formed in the plane of x', y' will be a system of two dimensions 
in equilibrium with conductors bounded by the corresponding 
closed curves to the original curves in the plane of x^ y. And 
the potential V at any point P in the old plane of y will be 
equal to the potential F' at the corresponding point in the 
new plane of x\ y'. 

For since the total charges on corresponding superficial areas 
are the same, but the areas themselves are in the ratio of to 1, 
it follows that if p be the surface density at any point in the old 
plane, and p' that at the corresponding point in the new plane, 
then p' = p^p, and similarly if <r and be corresponding linear 
densities </ = pl<t. 

Again, let P be the same function of f and i] that F is x 
and y . Then from the equations 

1? = y, 

it follows that since F is constant over the closed curves 
/ (^5 y) = 0 in the plane of x^ y, P is constant over the corre- 
sponding closed curves /(f, i;) = 0 in the plane of x\ y'. 


Again, 

But 


dx^ 


+ 


dy^ - df* 

IIT 

dy^ 


_ 1 d^V' 
dri* ” fx* ' da/^ 


= — 


dy'*> 


if p be the electrical density at P in the plane of », y. 
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. d*V' , , 

Therefore _ + — = _4irMV = -4wp', 

where p' is the electrical density at 7^ in the plane of 
Again, if dv and dv' be elements of the normal to a curve, as 
f (d?, y) = 0 in the plane of a?,y, and dn and d)t be the elements 
of the normal at the corresponding point to the correspoi^ng 
curve/ (f, Tj) = 0 in the plane of a?',/, we have, since V = rmi, 

dn 1 

dv dn ix 

by what is proved above, 

H.'- ^ d]r_ 

dn ^ dv^ dn **” ^ dv^ 


But if a be the linear density at P on the curve y) = 0, 


dv ^ dv' 


— 47r(r; 


therefore 


dr ^ 

dn dn' 


— 47rjuttr= — 47r(r', 


(T being the linear density at the point F on the curve 
f (f, T|) = 0 in the plane of a?',/, 

148.] Wc see then that the function r, formed as above 
stated, is constant over each of the conductors /(f,T;) = 0 in the 
new plane, and satisfies the characteristic ei^uations at each point 
of that plane. If therefore the function V be the potential at any 
point of the a7,y system, the function V' = /^will be the poten- 
tial at the corresponding point P' in the a?', y' system when in 
equilibrium, and we have only to eliminate f and ri and express 
r in terms of ic', y' to obtain a complete solution of the problem 
of an electrical system of two dimensions bounded by conductors 
of the form / (f, rj) = 0. 

Of course the procedure might be reversed, and if we had 
found r a function of a?', y with conductors bounded by curves 
/(f, ?;) = 0, we have only to express P in terms of i and ri, 
and take P, the same function of os and y that P is of f and ry, 
to obtain the solution for conductors bounded by the curves 
f{x, 3 f) = 0. 
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149.] Further, if ^ and rj bo conjugate to two other functions 
a and j3, then also a and j3 are conjugate to x and for 

da da da di] 

dx d^ dx djj dx 

« da__ d^ _^drj dif\ ^ d^ 

^ d^'^ dr}' d?; d^' dx’^ di/ dx^^dy^ 


and therefore 
and similarly 


da ^djS drj d/3 d£^d/3 
dx dt} dy d^ dy dy' 

da _ d^ 
dy dx 


If therefore we take a third plane a?",/' and determine a 
point JP" on it such that a{ixf\y") = and ^ {^" 9 ^') = % and 
the points P, P' and be called corresponding points on 
the three planes, the solution for a distribution of electricity for 
conductors bounded by the curves 


/(a;, y) = 0, /(£ r?) = 0, /(a, 0) = 0, 

on any one of these planes respectively, leads at once to the 
corresponding distribution on the two others, and similarly for 
any number of planes and systems of conductors. 

150. ] Further, as is easily seen, if the problem were to deter- 
mine, not the potential due to given charges, but the charge on 
any conductor necessary to produce given potentials, the solutions 
for the several members of the class would be connected by the 
same law as in the case we have already considered. That is if o- 
be the required density in the known problem, juto- is the density 
in the new one. 

151. ] We proceed to illustrate the above process by an 
example. 

Let there be a conductor in the form of an infinite cylinder of 
circular section and radius a, having its axis parallel to and 
meeting the plane of x^y in the point C, Let a charge e per 
unit of length be uniformly distributed along an infinite si.raight 
line passing through an external point 0 and parallel to the 
axis of the cylinder, then, as proved in Art. 109, the density at 
any point of the cylinder of the charge necessary to reduce the 
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potential the cylinder to a constant value in presence of the 
charge on the line is 

_ e 

^ 2na /a* ’ 

where/ is the distance of the axis of the cylinder, p that of the 
point in question, from 0. Also the algebraic sum of this 
distribution over the whole circle is — 

We now proceed to transform this problem. Expressing the 
conditions in polar coordinates log r and 0 with C for origin and 
CO for fixed line, we have in the original system a conductor 
whose equation is log r = log a, a constant, and a charge e at the 
point whose coordinates are 

logr = log/ and 0 = + 2t7r, 
where i is any integer. 

Now X and y are conjugate to log r and 0, Corresponding 
therefore to log r = log a we shall have the infinite line 
= K log a, where k is unit of length. And corresponding to the 
charge e at the point 

logr = log/, d = ± 2177, 

we shall have a charge e at each of a series of points in the line 
3?= Klog/ distant from each other + 27r»c, whereof one is in 
the axis of x. The density o* of a distribution of electricity 
on the line a? = k log which will give constant potential on 
that line in presence of the infinite scries of charged points on 

the line k log/ is found by substituting ^ for d in the ex- 
pression for (T found above, and is therefore 
1 e a® 

“/*+a>-2/acoB| 

It will be remembered that to obtain the actual physical 
conditions we must understand by the infinite line x ^ k log a 
an infinite conducting plane wdiose equation is x = k log a, and 
by any one of the scries of charged points a charge uniformly 
distributed along an infinite line through the point parallel to 
the axis of z. 
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152.] The general problem, the solution of which i% derivable 
from the given problem by the substitution of x and y for log r 
and is found by choosing for origin, instead of C, the centre of 
the circle, any point in the plane. Suppose we choose a point D 
such that CL = c, and LCLO = a, LO = p. The equation to the 
circle referred to polar coordinates log r and d with L for origin 
and LC for fixed line is 


log r = log |c cos 0 ± c® sin * $}. 

We obtain then by the transformation the density of elec- 
tricity on the curve 



in presence of a charge on a series of points situated in the line 
jr=Klogjo at equal distances 2t:k apart, of which one is 
distant Ka from the axis of x. 


This includes all the problems the solution of which can be 
derived from that of the given one by the use of the particular 
functions x and y as conjugate to log t and fl. But we may 
obtain others by the use of different functions. 

For instance, a?®— and 2xy are conjugate to x and y, and 
therefore to logr and d. If therefore, taking C again for origin, 


write 2 ^ for log r, and for Q in the above problem, we 


shall obtain the solution for the density on the hyperbola 
x^^y^ = K^loga in presence of charges placed on the hyperbola 
= ic^log/ at the intersections of that hyperbola with the 
hyperbolas xy = = 2 &c. 

It is of course understood that thb hyperbolas represent infinite 
cylindrical surfaces parallel to z whose intersections with the 
plane of xy are the hyperbolas in question. And in like manner 
the points represent infinite straight lines. 

As in the former case, wc can generalise this solution by 
taking for origin any point in the plane of the circle. 

153.] A particular case of transformation by conjugate func- 

tions is that of inversion in two dimensions. Evidently log — 
and —0 are conjugate to log r and 0. 
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It follows therefore, from* the theory of conjufjate functions, 
that if we transform a system in equilibrium, and in which V 
vanishes at an infinite distance, by substituting the coordinates 

y and — 0 for r and and placing on corresponding elements 


the same charges, the transformed system will be in equilibrium. 

154.] We will now prove the same result by a method analo- 
gous to that of Chap. VII. 

In the plane of y let us take 0 for centre and k for radius of 
inversion, and let P, Q bo any two points in the plane. Then if 
P' Q' be corresponding points to P and Q, we have 




In the present case the potential at P of a charge /> at Q 
means the potential at P of a uniform distribution of linear 
density p along an infinite line drawn through Q parallel to the 
axis of z. The potential is therefore 

V = p {C— 21ogP(?}. 

If in the inverted system there be the same quantity of matter 
placed at Q', according to the method of transformation used 
with conjugate functions, the potential at P' of the charge at Q' 
is 

= p <7- 2 log - 2p log PQ 


= v--2plog 


OPOQ 


and therefore, if P, P denote the potentials at P and P' of the 
whole system, 

F' = F— 2 J'J'p log OP'dxdy -f 2 l^^g OQdxdy 

= F-|- 2 log OP' p dxdy 4- 2 p log OQdxdy. 

Since we assume the potential to vanish at an infinite distance, 
we must have in this system 

J*J ' p dxdy = 0. 

F'= F+2 plogOQdxdy, 


Hence 
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that is, exceeds V by the potential at the origin of the 
original system, that is, by a constant for all positions of P. 

Therefore since V is constant over every conductor in the 
original system, F* is constant over every conductor in the new 
system. The new system is therefore in equilibrium. 

If the original system consist of a conductor S at zero 
potential under the influence of an electrified point on the 
opposite side of S to the origin, the potential at the origin is 
zero, that is 


log OQdxdy = 0, 


and therefore P = 0 at every point of the new conductor. 

For instance, if the original system be an infinite cylinder 
uniformly coated with electricity of density o-, and if there be 
a distribution of density — 27r/*(r along the axis, the potential 
is zero, and we might by inverting the system with respeet to 
an external point obtain the result obtained synthetically in 
Chap. VI, Art. 109. 



CHAPTEE IX. 


ON SYSTEMS OF CONDUCTORS. 

Article 155.] We proceed to consider further the properties of 
a system of insulated conductors external to one another, and each 
charged in any manner. And we will suppose that there is no 
electrification in the field except the charges on the conductors. 

Let ••• conductors. First let a charge be 

placed on Ci^ the other conductors being uncharged. 

Let the potentials of the several conductors be denoted by 
^ 1 ) ^2 ••• 

By the principle of superposition, if were increased in any 
ratio, Fi, Fg... would be increased in the same ratio. It 
follows that we may express . . . ?^ in terms of in the 

form 

= F2 = ^1) » 

where &c. are coefficients depending only on the forms 

and positions of the conductors. 

In like manner if received a charge all the others being 
uncharged, we should have 

F| = A21 ^21 1^2 ” ^22 ^2> 9 

the coefficients being again dependent on the forms and position 
of the conductors. 

By the principle of superposition, if at the same time 6\ 
receive a charge and a charge the others remaining 
uncharged, we shall have 

Fj = ilj, (?j -f- ilg, 62 , 

Fg = “f" <^22 ®2» 

&c.= &c., 

F,J = A^„ 6, + if 2« ^2* 



1 60 SYSTEMS OF CONDUCTORS. [156. 

And, generally, if the conductors all receive charges 
the potentials will be expressed by the linear equations 
Vi iljj 6^ ■4" -421 ^2 “b * ** “I* 1*1 

1^2 *“ 12 ” 1 " ®2 • • • "i" ^W2 » 

&C.=: &C. 

The coefficients A. are called the coefficients of potential. 

156. ] Evidently there exist algebraic values of V corresponding 

to any assigned values of though we do not assert 

that it is practically possible to charge the conductors without 
limit. 

By solving the above linear equations we should obtain a new 
set expressing the charges in terms of the potentials, namely, 

= ^11 + ^*21 ^2 + • • • + ^rtl K f 

^2 “ -^12 " i * -^22 ^2 *b • • • + ^ n > 

&C.= &C., 

^n= A«^l + ^2»i^2+ 
in which the coefficients JB are functions depending only on the 
forms and positions of the conductors. 

Since the equations (B) must give possible and determinate 
values of e for any assigned values of Tg ... it follows that 
there must exist a set of charges corresponding algebraically to 
any assigned set of values of the potentials. 

The capacity of a conductor in presence of any other conductors 
is the charge upon it required to raise it to unit potential, when 
all the other conductors have potential zero. Thus, if ^2 . . . 
are all zero, we have from equation (B), 

“ *^11 i 

and if Ti = 1 , Ai capacity of C^. 

The coefficients jSg^j &c«, with repeated suffixes, are called 
coefficients of capacity. The coefficients Bjg, Ai, &c., with dis- 
tinct suffixes, are called coefficients of induction. 

' Properties of the Coeffeients of Potential. 

157. ] - A^. 

For let ^2> ••• potentials of the conductors. 
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158.] 


when has the charge e and all the others are uncharged, 
F the general value of the potential in this ease. Then 
Let f/g, ... be the potentials of the conductors, when 
C 2 has the charge and all the others are uncharged, U the 
general value of the potential in this case. Then 

By Green’s theorem applied to the infinite space external to 
all the conductors, in which V^F and are everywhere zero, 
we have 



in which 



dS^ denotes integration over 


and so on for the 


other eonduetors. 
But 


47r 



is the charge on the conductor C in the system whose potential 
is r. Hence rrau 

Jjj.. 


and all the other integrals in the first member vanish. Similarly 



and all the other integrals in the second member vanish. The 
equation therefore becomes 

, 47r6 = iire, 
or 

or A^^ = Aj^, 

In other words, the potential of Ci, due to unit charge on C 2 in 
presence of any conductors, is equal to the potential of Cg, due 
to unit charge on Cj under the same circumstances. 

158.] The coefficients of potential arc all positive, and no one 
with distinct suffixes, as yl,,., is greater than the coe fficient with 
cither suffix repeated, as yl^i or A^r^ 

For, as proved in Art. 53, the potential can never be a maxi- 
mum or minimum at any point unoccupied by free electricity. 
If therefore there be any positive potentials, the highest positive 
VOL. I. * M 
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potential must be on some conductor ; and if there be any 
negative, the lowest negative must be on some conductor. If 
the potentials be all greater or all less than zero, then zero, the 
potential at an infinite distance, is the least, or the greatest, 
potential as the case may be. 

If any conductor has zero charge, the density of the dis- 
tribution upon it must be positive on some parts of its surface, 
negative on other parts. Where the density is positive the lines 
of force proceed from the surface, and there must be some 
neighbouring part of space in which the potential is less than 
that of the conductor. Where the density is negative, thert» 
must be some neighbouring part where it is greater than that of 
the conductor. 

Therefore, neither the greatest nor the least potential in the 
field can be the potential of a conductor with zero charge, 
neither can it be in free space. 

Such greatest or least value must be that of a conductor 
having an actual charge, and the density on such conductor 
must be of the same sign throughout its surface, and must be 
positive for the highest positive potential, negative for the 
lowest negative potential. Therefore, if all the conductors 
Cg.-.Cn be uncharged, and Cj have positive charge i.e. 

the potential of Cj, must be the greatest potential in tlie field, 
and zero must be the least, namely the potential at an infinite 
distance. We have then from equations y/ 

Kj , Fg = 12 > 

in which Fj is positive, and lie between F, and zero, 

and are therefore all positive. Hence also, is greater than 
and each of these latter is positive. 

159.] Properties of the Coefficients of Capacity and Induction. 

^12 ~ ^21 • 

For let F denote the general value of the potential, when C^ is 
charged and has potential JiT, and all the other conductors are 
uninsulated. And let U denote the general value of the potential 
when C^ is charged and has potential A, and all the other 
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conductors are uninsulated. The equation of Art. 157 then 
becomes 

or 

or = jBjg. 

In other words, the charge on if uninsulated when is raised 
to unit potential is equal to the charge on Cg if uninsulated 
when Cl is raised to unit potential, all the other conductors being 
in either case uninsulated. 

160. ] Each of the coefficients of capacity is positive. 

For as we have seen it is possible so to charge the conductors 
as to make each zero. Then must be either the 

greatest or least potential in the field, viz. the greatest if 
be positive, the least if Ci be negative. 

Therefore, wo have in this case 

and since Ci and Vi arc of the same sign. Bn is positive. 

161. ] Each of the coefficients of induction is negative. 

If 1^2 • • • 55ero and not zero, the density on each ol* 

the conductors Cj ... C^^ must be of the same sign throughout its 
surface, viz. opposite to that of ; for let be positive, then if 
the density at any point on any other conductor were positive, 
there would be a loss potential than zero, that is, less than that 
of any of the conductors, at some point in free space. 

But the charge on Co is in this case 

. .. 

and since Fj is positive and negative, negative. 

162. ] The sum of the coefficient of capacity and all the co- 
efficients of induction relating to the same conductor is positive. 

For let the conductors be so charged as to be all at the same 
potential F. Then 

+ +^nl} F. 

Now if F be positive, ei must be positive, for if it were 
negative, there would be a greater potential than F somewhere 
in free space. 

Therefore B^^ + B,^ + ... + B„j is positive. 

M 2 
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163. ] If two conductors Cj, Cq, originally separate, bo connected 
together by a very thin wire so as to form one new conductor, 
the capacity of the now conductor is less than the sum of the 
capacities of the two original conductors. For let be the 
charge on C'j when it is at unit, and all the others at zero 
potential, tliat is, is the capacity of Ci . Let 6'^ the charge 
on C 2 in this case. 

Similarly, when is at unit, and all the others at zero 

potential, let / ^ and be the charges on and C.^ respectively. 
Then e\ and e '2 are negative, and positive. 

If Cl have the charge + and C the charge + 
every other conductor have the sum of its charges in the two 
oases. Cl and C^ will both be at unit, and all the other conductors 
at zero potential, and if the connexion between and C, be 
now made, no alteration takes place in the distribution of 
electricity. 

The charge upon the new conductor, that is, its capacity, is 

+ ^2 “h + ^^2 j which is less than Ci + . 

164. ] Any conductor of given bounding surface may be either 
solid or a hollow shell, and all the coefficients of potential, 
capacity, or induction, whether relating to that, or any other con- 
ductor, are the same in cither case, and are not affected by the 
introduction of any conductors whatever inside a hollow con- 
ductor. 

For let C^ be a hollow conductor. Then, as proved in Art. 91, 
if there be any electrification whatever the algebraic sum of 
which is zero within C,., that electrification together with the 
induced distribution on the inner (ace of have zero potential 
at each point in the substance of, or external io, 6y, and may 
be removed without affecting the distribution on the outer fiice 
of C^ or anywhere external to it. It follows that the potential 
of any other conductor due to a distribution on the outer surface 
of C, is unaffected by the presence or absence of such electrifica- 
tion within (7,., and depends only on the forms and positions of 
the surfaces bounding Cj. and the other conductors. Therefore 
the coefficients and therefore also the coefficients J8, depend 
only on these forms and positions. 
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165.] 

165.] On the Comparmn of similar Electrified Si/stem, 

Let there be given two electrical systems similar in all 
respects but of diiTcrent linear dimensions. 

Let the linear dimensions be denoted by A, so that A has 
different values in the two systems respectively. If the quantity 
of electricity per unit of volume be the same in both systems, 

‘the potential will vary as A*. For it is of the form 

and in this case p is independent of A, and dx dy dz and r each 
proportional to A. Evidently the force at corresponding points, 
being the variation of V per unit of length, varies in this case 
as A. 

If, on the other hand, the quantity of electricity in homologous 
portions of space, instead of in unit of volume, be given constant, 

p will vary as , and Tas 7 , and the force as 4 • 

' •'A** A A^* 

If the system consist entirely of conductors, and the super- 
ficial density, that is the quantity of electricity per unit of 
surface, be constant, V will vary as A, and the force will be 
invariable. 

If, on the other hand, the quantity of electricity on homolo- 
gous portions of surface be invariable, /' will vary as , and the 

force as 4 • 

A2 

It follows from these considerations that, as between similar 
systems of conductors of different linear dimensions, the co- 
efficients A vary inversely, and the cocIRcients £ directly, as 
the linear dimensions. 



CHAPTER X. 


ENERGY. 


On the Intrhme Energy of an Electrical System, 


Article 166 .] If V be the potential of any electrifed system, the 
Korh done in, constructing the system against the repulsion of its own 
parts is 



taken throughout the system, tohere edxdydz is the quanlily of free 
electricity that exists within the volume element dxdydz. 

For we may supiwse the charges in all the volume elements 
to be originally zero, and to be gradually increased, always 
pi'eserving the same proportion to one another, till they attain 
their values in the actual system. The potentials at any instiint 
during this process will bo proportional to the eharges at that 
instant. Further, we may suppose the process to take place 
uniformly throughout any time t. Then if / be the time that 
has elapsed since the beginning of the process, the charge in any 
element of volume may be represented by A/, and the potential 
by pt, where A and p arc constants for the same element. The 
final values of e and F will lie Ar and pr. The eharges which 
will be added in the small interval, of time df, or t + dt—t, will 
be Kdt, and the work done in bringing these eharges to the then 
existing potentials, represented by pt, will be 


g,t^tdldxdyds. 

The whole work done from beginning to end of the process is 

f Jff dxdydz = ^JJJ dxdydz = ^JJj ' ^ * dxdydz. 

This quantity is called the intrinsic energy of the system. We 
shall generally denote it by E. 
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If the system consist only of conductors on which the charges 
are <? 2 > we have J5= i2Fe, 2 denoting summation for 
all the conductors. 

In like manner if there be two distinct electrical systems and 
the charges and potentials in one be denoted by e and and 
in the other by and F\ the work done in constructing the first 
against the repulsion of the second, supposed existing independ- 
ently, is JJJv^edxdydz^ and this must be equal to the work 

done in constructing the second against the repulsion of the 
first, that is 

JJJ Vedxdydz = /// F s dxdy dz^ 

or for a system of conductors 
167.] To prove that 

JfJved«:dydz = + dxdydz, 

the integral being taken throvghont all sgjaee. 

Let us consider an infinitely distant closed surface S enclosing 
the whole electric field. Applying Green’s theorem to the space 
within S, wc have 

in which the first double integral relates to the infinitely distant 
surface 5, and the second to the surfaces S\ if any, within S on 
which there is superficial electrification. 

and the two remaining terms on the ri^ht-hand side of the 
equation arc together equal to 

Hh TT . Vedxdydz, 

Hence 

/ ff = 4 ^ / 
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It was proved in Art. 13 that if V be one of the class of 
functions which satisfy the IbHowing conditions, viz. 

0) m dSi taken over the surface 8^=: 

C CdV 

1 1 Iv surface S,^ = 

&c. = &c., 

( 2 ) V^V has given value at every point outside of all the surfaces, 

(3) V vanishes at an infinite distance, 
then the integi'ul 

throughout all space outside of all the surfaces has its least value when 
V is constant over each surface. 

We now see the physical moaning of the theorem as applied to 

1 /* Cil 

an elootrified system. For F being the potential, ^ JJ 

taken over any surface, is the charge upon that surface, whether 
the charge be so distributed over it as to make V constant 
or not. 

Now in whatever way the charges be distributed over the 
surfaces, consistently with the whole charge on each surface 

being given, ^ Vedxd^dz is the energy of the system. 

the first integral on the right-hand side relating to the space 
outside, and the second to the space inside of the surfaces. 

And the proposition shows that the first integral, or -- 

lias its least possible value when the charges are so distributed 
as to make constant over each surface. And in that case >^is 
constant throughout tlie space inside of the surfaces, and therefore 
the second integral is zero. 
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It follows that the distribution actually assumed on each 
surface when the electricity is free to distribute itself, .that is, 
when the surface is a conductor, is the one which makes the 
intrinsic energy the least possible, given the charges on the 
conductors respectively, 

168.] The potential of any conductor, as due to a quantity 
of electricity e in the volume element dxdydz^ is evidently of the 
form where is a coefficient depending, like the coefficients 
A already investigated, on the forms and positions of the con- 
ductors and the position of the element in question, and the suffix 
s relates to that clement, and r to the conductor. 

Similarly the potential at the element due to a charge e on 
Cy will be A^^e^ where A^y depends only on the form and position 
of the conductors and the position of* the element. 

Also the equality of A^^ and A^y follows f'rom that of 2 V (f 
and S V^e above proved. 

Thus the systems of equations (A) and (B) of Arts. 155, 156 
can be extended to any electrified system, whether consisting 
exclusively of conductors of finite size or not. 

Evidently if in the ecpiation i? = Ve we express every V 
in terms of the charges by means of equations (A), H will be a 
quadratic function of the charges with coefficients depending on 
f,h(5 forms and positions of the conductors. In this form we 
shall write it 

Similarly if we express every e in terms of the potentials by 
means of equations (B), E will be a quadratic function of the 
potentials. In this form we shall write it Ey 

It follows from the equality of yijg and A.,^^ &c., that 


(IE 


or generally. 




dE 

de 


(IE 

de^ 

=r. 


= r^, &c. ; 


For as from J l e wc have 
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MBOHANICAL ACTION BETWEEN 


[169. 


1« lyr 

therefore =2^> + 

= 2^1+ ' 

dE^^'‘ 

►i>iinilarly 


169.] On the Mechanical Action befiveen Electrified Bodies, 


We have seen that the intrinsic energy of any electrified 
system is of the form i S Fe, where e is any quantity of elec- 
tricity forming part of the system, F the potential at the point 
where that quantity is situated. 

If q be any generalised coordinate defining the position of the 
sj'stem, the force tending to produce in the system the displace- 
ment dq is 


-{^Ve), 


dE 1 d 

or — " - - 

dq 2 dq 

Now if the charges e are invariable in magnitude, the po- 
tentials F are functions of the coordinates and therefore the 
force is 



dV 

dq ’ 


in which every F is a function of q in respect of the coefficients A, 
If, on the other hand, the potentials be maintained conslaiit 
notwithstanding displacement, by proper variation of the charges; 
the force is 


1 ^ e/e 
dq' 


in which every is a function of q as it is involved in the 
coefficients B, It remains to find the relation between the forces 
in these two cases. 

170.] If q he any hne of the generalised coordinates defining the 
position of the conductors^ and if R denote the force tending to in- 
crease q when the charges are imariahle^ and Rf be that force when 
all the potentials are maintained constant^ then R-^R* = 0. 

For E^^-Ev — ^^Ve] 

let 6?, r, and q all vary. 
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Then we have 

2 8e + + S hV + bq=-S,Vbe^--^ehY. 

de dq ^ dV dq ^ 


therefore 


(IE 

^ phe = ^Vhe, 
de 

s‘*~-aF=2e6K; 

7^S<?+-^-8? = 0. 


Now is the rate of variation of E with q when the charges 

are constant, and is therefore the force tending to diminish q 
under those circumstances ; that is, it is —11, 


Similarly 


dq 

7 ? + /^= 0 . 


171.] If any group of conductors previously insulated from one 
another become connected by very thin wires, so as to form one 
conductor, the energy of the system is thereby diminished ; and 
the energy lost by it is equal to that of an electrical system 
in which the superficial density at any point is the difference 
of the densities at the same point before and after the con- 
nection is made : that is, is equal to the energy of the system 
which must be added to the original in order to produce the new 
system. 

For let V denote the potential of the System after the con- 
nection is made, V V' the original potential. Then V and ? ' 
are both constant throughout each conductor of the system. 
The charge on any conductor which retains its insulation, or 

— remains unaltered. 

'itTTjJ dv ’ 
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Any group of eonJuctors which become connected form one 
combined conducting surface on which the aggregate charge, or 


-- ff- 

4.TrJJ dv 


dSy is unaltered. 


4.TrJJ dv 

V is then a function which satisfies the conditions (i) T = 0 
all points outside of all the connected conductors, 

(2) has given values over each of them, (3) F is 


at 


constant over each of them, while F+F' satisfies conditions (1) 
and (2), but is not constant over each of the connected con- 
ductors. Therefore, by Art. 13, 


where 


Qy+v' = Qk + Qv', 


throughout all space outside of the surfaces, and Qr+r and Qy' 
have corresponding values. 

Now ~ Qr+P' is the original energy, -J- Qr is the energy 

8 TT 0 TT 

after the connection is made, and — - Q yf is the energy of the 

system in which the potential is the ditfcrence of the two 
potentials, and therefore, by the principle of superposition, in 
which the density at any point is the ditfercnce between the 
densities before and after the connection is made. 

172.J If any portion of space S, previously not a conductor, 
become a conductor, or which is the same thing, if a conductor 
be brought from outside of the field and made to occupy the space 
S within the field, the energy of the system is thereby diminished ; 
and the energy lost by it is ei^ual to that of the system in which 
the superficial density at any point on any conductor or on the 
surface of S is the difference of the densities at the same point 
before and after S became a conductor ; that is to the energy of 
the system of densities which must be combined with the original 
to produce the new system. 

For let F be the potential of the system when the space 5 is a 
conductor, F-f F' the potential when S is non-eonducting space. 
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Then F is constant throughout S and throughout each conductor, 
is constant over each other conductor but not over 5. 


Let — Qp be tlie energy of the system in the former case, 

8 TT 


— Qf+v' energy in the latter case. 
Stt 


It can then be shewn, as in the last case, that 




1 rrrs,<iv\, ,dv\.. ,dv\..) , , , 


throughout all space outside of the original conductors whether 
within or without S. But the integral of the second term is the 
energy of the system in which the potential is T', that is of 
the system which must be combined with the original to ])roduco 
the new system. 

It follows that a conductor without charge is always attraefed 
by any electrical system if at a sufficient distance from it. 

Hence also any number of uncharg(‘d conductors in a field 
of constant force generally attract each other. 

173. ] It follows as a corollary to the two last propositions 
that if a conductor increase in size, the energy of the system 
is thereby diminished. 

For if C be a conductor, S an adjoining space, if S became 
a conductor insulated from (7, the energy would be diminished, 
and if the new conductor were then connected with C so as 
to form one conductor with it, the energy would be further 
diminished. Hence the resultant force on an clement of surface 
of a conductor is, if the charges be constant, in the direction of 
the normal outwards. 

174. ] If S be a surface completely enclosing a conductor C, 
then if S were itself a conductor, its capacity would be greater 
than that of C. 

For let the conductor C be charged to potential unity, all the 
other conductors being at zero potential. Let M be its capacity, 
that is, the charge upon it under these circumstances. 

Since unity is in this case the highest potential in the field, 
the potential on 8 is less than unity at every point. Let it be 
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denoted by Y. If o* be the density of a distribution over 5 which 
has at every point on & the potential 

JJ (rdS = M by Art. 60, 
and <// (xdS, 

since V < therefore JJ FadS < M, 

Next let the same quantity of electricity M be so distributed 
over S as to have constant potential F' in presence of the other 
uninsulated conductors. Let a be its density in that case. 

Th„n If v'ads < 

also JJ V'a'dS = V'JJ ^'dS = F'JA 

Therefore, h fortiori, F'M < Jl/ or V' < 1, and therefore a larger 
charge would be necessary to bring S to unit potential. 


Eanishaw's Theorem, 

175.] If an electrified system A be in mechanical equilibrium 
in presence of another electrified system jB, and be capable of 
movement without touching the latter, the equilibrium cannot 
be stable. 

For let us suppose first that all the electricity in B is fixed 
in space, and all the electricity in A fixed in the system, so that 
the system A is capable of movement as a rigid body. And let 
us further suppose first that it is capable of motion of translation 
only. 

In this case the position of A is comj)letely determined by the 
position in space of |iny single point 0 in it, and is therefore a 
function of the coordinates of 0 referred to any system of axes 
fixed in space. 

Let the position of equilibrium be when 0 coincides with a 
certain point C in space. 

Let F be the potential of the system B, Let p dxdydz be the* 
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quantity of electricity of the system A in the volume element 
doodydz. Then 

^JJf pVdxdydz 

throughout A is the intrinsic energy of the mutual action of the 
two systems, that is, that part of the whole energy which varies 
with the position of 0. 

Let ~ ^ dxdydz = E ; 

and as similar equations hold fory and z, 

V dxdydz* 

Now so long as no piirt of A coincides with any part of J?, 
V-r= 0, and therefore 0. 

Again, since A is capable of motion of translation without any 
part of it coinciding with any part of B, it must be possible to 
describe a small closed surface S about C, the position of equi- 
librium, such that, if 0 be anywhere within S, V'^V = 0, and 
= 0 . 

But E is a function of a?, y, Zy the coordinates of 0, TherefortJ, 
by Green’s theorem applied to the surface S and the function E^ 

JJ dS = JjJ V^E dxdydz, 


Either therefore E must be constant for all positions of 0 in 
the neighbourhood of C which arc consistent with A not touch- 
ing B, in which case the equilibrium is neutral ; or there must 
be some part of the surface 8 such that, if 0 be on that portion, 
E is less than when 0 is at (7, that is less than in the position 
of equilibrium. Therefore any small displacement of A in this 
direction will bring it into a field of force tending to move it 
still further in the same direction, and the equilibrium is there- 
fore unstable. 
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If the sj'stem has any more degrees of freedom, as for instance 
freedom to rotate about an axis, or for the eleetricity on A or £ 
to change its position, instead of being fixed as we assumed it to 
be, a fortiori the energy will be capable of becoming less in the 
displaced position, and therefore the equilibrium is unstable. 

176 .] Oh a system of insulated conductors fixed in a field of 
uniform force and without charge. 

Let us first suppose the uniform force is unit force parallel to 
the axis of x. Then we may always choose the origin of 
coordinates, so that, the potential of the force at any point may 
be denoted by x. 

The induced distributions on the conductors must be such 
that the potential due to them at any point in any conductor 
shall be C^x^ where C is constant over each conductor but has 
generally a different value for different conductors. 

Let the density of this induced distribution at any point be 
y, c), or shortly (/>a.. Then is the density of the 

induced distribution which would bo formed if the force were 
X And the potential due to the distribution is therefore 
CX+a;X. 

Definition, — The function taken over the surface of 

every conductor of the system is the electric polarimtiun of the 
system in direction x due to a unit force in direction x acting at 
eveiy point of the system. It is evidently independent of the 
position of the origin. For 


JJ {a-^-x)(l)j,dS = a jj + JJ xijy^dS = JJ x<\>^dS, 

ince I j is the algebraic sum of the induced distribution 


and is therefore zero. 

In like manner wg may define 

fjy <l>x dSy JJ z ds 

to be the electric polarisation of the system in the directions of 
y and z respectively due to unit force in direction x. 

In like manner if there be forces Y and Z parallel to the other 
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coordinate axes, they will produce in the system induced dis- 
tributions whose densities are T<l>^ and Z<l>g respectively, and the 
functions 

ffshdS. //x <l>ydS, JJz(l}jfdS 

will denote the polarisation in the directions y, a?, and z respect- 
ively due to unit force in direction y. S\mi\a.Y\y, JJztji^dS, &c, 
denote polarisation due to unit force in direction z. And each 
of the quantities is independent of the position of 

the origin if the direction of the axes he given, 

If f> C denote the total polarisation parallel to ar, y, z 
respectively, due to the three forces, we shall have 

^ = X JJ*x(l)xdS+ Y J^J^xcjyj^dS-i-zJ^JxclygdS, 

V = xJJy.|i,.dS+YJJy<|,,d^^+zJJy<|>,dS, 

C-xJJ»<l>^dS+rJJs,<t>„ dS+zJJz<i>,dS. 

177. ] We can now prove that 


„dS= JJy<l>^dS. 


For the potential of the system of densities denoted by 0* as 
we have seen, C+x, G being, as before mentioned, a constant 
for each conductor, but having gcueriilly different values for dif- 
ferent conductors. Therefore 


JjG<t)^dS+ JJx^PydS 


is the work done in constructing the distribution whose density 
is (l)y (which wo may call the system against the repulsion 
of the system <l>^ previously existing. But since for each con- 
ductor the algebraic sum of the induced distribution (fyy is zero, 
and C is constant, 

ff04>ydS = 0, 
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and 



dS expresses the amount of work above mentioned. 


In like manner 



X 


dS IS the work done in constructing the 


s}'stcm against the repulsion of the system (py previously 
existing. But by the conservation of energy these two quan- 
tities of work must be equal. Therefore 


Similarly, 


JJ X </), dS = JJ S 


dS. 


dS, 

tis. 


178.] If the direction cosines of any line referred to any 
system of rectangle axes be a, /i, y, the polarisation paralhd 
to this line expressed in terms of these coordinates becomes 


that is, 


JJ [ax + ijy + yz){X<i)jc+ ¥<f>, + 2(j>,)d^t; 

, d8+ yJJ V (f>, dS+ Z JJx dS I 
t/sj-v//;,*, dS+ rJJ y d8-\-Z JJy<l>, ftoj 
+y {-# <l>, dS+rJJzcli^dS+zJJz </), ,Lsj ; 


that is, a^+l3T] + yC The polarisations rj, ( arc in fact vector 
quantities, and admit of composition and resolution. 

Evidently, if a, /?, y be proportional to f, ??, and 
p = af4-^7/ + yC 

then f = a/i, tj = C = yp, 

and the polarisation in any direction a', /3', y', is 

that is (aa' + )3/3' -P yy') p, 

and is therefore zero for any direction at right angles to the 
direction of the resultant of rj, f. 

179.] Let it now be required to find a direction relative to 
the system such that if the resultant force be in that direction, 
the resultant polarisation shall be in the same direction. 
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In that case ri, C must be proportional to X, Y, Z. That is, 

f = 

t] = (T, 

C = 

where c is a quantity to be determined. 

Hence we have 


{JJx(l)xdS—e^X+ JJxtpydS.Y+JJ X (l>g dS , 2/ = 0 , 

If’'''' ,dS.X+{JJy4,,dS-()Y+JJy^,dS.Z=0, 
JJe<l>^dS. dS-()Z = 0 . 


These equations are of the same form as those employed in 
Thomson and Tait’s Natural Philosophy ^ 2nd Edition, p. 127, for 
determining tlie principal axes of a strain. As there shown, the 
system leads to a cubic equation in €, of which, when 




£/a5, &c., 


the three roots are always real. The equation is tlie same a.s 
that treated of in Todhunter^s Theory of Equations, 2nd Edition, 
p. 108. As shown by Thomson and Tait, each of the threci 
values of € corresponds to a fixed line in the system, and the 
three lines corresponding to the three roots are mutually at right 
angles. 

There exist, therefore, for every system of conductors three 
directions at right angles to each otlier, and fixed with reference 
to the system, such that a uniform force in any one of these 
directions produces no polarisation in cither of the others. We 
might define these directions as the principal axes of polarisation 
of the system of conductors in question. If we take these three 
lines for axes we shall have evidently 



Let us denote 


0 , 



If <f>x dS by Q*, JJ y <f>y dS by aiul JJ z </>., JS by Q , ; 


N a 
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then the polarisation in any line whose direction cosines referred 
to these axes are a, y, due to unit force in that line is 

180.] Of the energy of the polurisation of a system of conductors 
placed in a fold of uniform force. 

Let the system be referred to its principal axes. Let X, Yy Z 
be the forces parallel to those axes respectively. Let be the 
density at any point on any conductor which would be produced 
by X alone acting, Y and Z <f>g the same for Y and Z, Then 
X(/)^+ Y<f)y’-{- Z (f)g is the density when all three forces act. 

The potential of the three forces is 

-(Xx+Yy^Zz). 

The work done in constructing the system against the external 
forces is then 

- JJ (A'*+ Y2, + Zz){X<t>,+ Y<}>, + Xfl>,)dS 

taken over the surface of every conductor. The work done 
against the mutual forces of the system itself is 

+ ^JJ (X*+ Yy+Xz) (A>^+ Y,f>, + X^,)dS. 

The whole work is therefore 


- J JJ {Ar*+ Yy + Zz} {X</),+ Y^, + Z<t>,} dS 


taken over the surface of every conductor, and the work done 
against the mutual forces of the separated electricities is the 
same expression with the positive sign. 

But the axes being principal axes^ 






dS = 0, &c. 


Therefore the energy is 


- 1 1 ^^^JJ YfJ y4,ydS-{- Z^JJ z <!>, . 

or 

181.] If the conductors be free to move in any manner, either 
by translation or rotation, they will endeavour to place them- 
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selves in such positions as that the above expression within 
brackets shall be maximum, given the resultant external force. 

If the system consists of a single rigid conductor Qy and 
Qg will not be altered by any motion of the conductor. If 
placed in a field of uniform force and free to move about an axis, 
its position of stable equilibrium will be that in which the axis 
of greatest polarisation coincides with the direction of the force. 
If the system consist of many conductors, and they be not so 
distant that their mutual influence may be neglected, they will 
still tend either by rotation or translation to assume a position 
in which the axis of greatest polarisation shall coincide with 
thd direction of the force; but and will in this ease 

generally vary with change of position of the conductors. 

182.] We have hitherto treated <f>y^ &c. as the densities of 
the distribution produced on a conductor in a field of uniform 

force. If we extend our definition, and define JJ X(pd8 to be 

the polarisation in direction x of an uncharged conductor placed 
in any electric field, <j!) being the density of the induced dis- 
tribution, we can prove the following proposition : — 

The eledric polavimlion of my spherical conductor due to 
any distribution of electricity entirely without It is equal in mag- 
111 tilde to the resultant force at the centre of the sphere due to that 
distrihullon multiplied by the cube of the radius^ and is in the same 
direction with that resultant. 

For let X be the a:-componcnt of force at the centre of the 
sphere due to the external system. Then —X is the ^r-com- 
ponent of force at the centre due to the induced electrification. 

But the last-named component is 

if <T be the density of the induced distribution. 

Hence ^ dS = X. 


Similarly 


JJ 

jjzffdS = r^Z, 
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if 7 and Z be the components of force parallel to y and Zy and 
this establishes the proposition. 

If V be the volume of the sphere, 








CHAPTER XL 


SPECIFIC INDUCTIVE CAPACITV. 

Akticlid 183,] Hitherto, in accordance with the plan laid down 
in Chapter IV, and with the view of giving the two-fluid theory 
as complete a development as possible in its most abstract form, 
all space has been regarded as made up, so far as electrical pro- 
perties are concerned, of two kinds ; conducting space, through 
which the fluids pass from point to point under the influence of 
any electromotive force however small, and non-conducting or 
insulating space, through which no force however large can 
cause such passage of the fluids to take place. 

Conducting spaces are necessarily occupied by actual sub- 
stances, prominent among which arc all metals. Non-conducting 
spaces may be occupied by actual substances, called non-con- 
ductors, insulators, or dielectrics (the last term having reference 
to their transmission of electric action as distinguished from the 
passage of the electric fluids), such as diy air and other gases, 
wood, shell lac, sulphur, &c., or these spaces may be vacuum. 
A jwrfcct vacuum was at one time regarded as a perfect 
insulator. 

184.] J'araday was the first to point out, as the result of ex- 
periments performed by him, that there is a considerable diversity 
of constitution in dielectric media, in reference to their electric 
properties ; that, in fact, while different substances possess the 
common property of refusing passage to tl|^ electric fluids, they 
are nevertheless endowed with veiy different electrical properties 
in certain other respects. If, for instance, there be, as in Fara- 
day^s experiments, two concentric conducting spherical surfaces, 
and the space between them be filled with any dielectric substance, 
the potential of the inner sphere due to any charge e on itself 
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[i^5- 


(which according to the simple theory hitherto investigated 
should be - 1 where r is the radius) will be found to depend on 

T 

the nature of the dielectric medium in the space between the 
spheres. And therefore the charge on the sphere necessary to 
produce a given potential, or the capacity of the sphere, is 
greater for some of such substances than for others. The 
dielectric, in Faraday s language, has inductive capacity. It is 
less for air and the permanent gases than for any solid dielectrics, 
and rather less for vacuum than for air. 


185.] In order to explain this phenomenon, Faraday adopts the 
hypothesis that any dielectric medium consists of a great number 
of very small conducting bodies interspersed in, and separated 
by, a completely insulating medium impervious to the passage 
of electricity. In his own words, ‘ If the space round a charged 
* globe were filled with a mixture of an insulating dielectric, as 
‘oil of turpentine or air, and small globular conductors, as sliot, 
‘ the latter being at a little distance from each other, so as to bo 
‘insulated, then these in their condition and action exactly 
^resemble what I consider to be the condition and action of the 


‘ particles of the insulating dielectric itself. If the globe were 
‘ charged, these little conductors would all be polar ; if the globe 
* were discharged, they would all return to their normal state, to 
‘be polarised again upon the recharging of the globe 

The properties of such a medium closely resemble, as far as 
their mechanical action is concerned, those of a magnetic mass, 
as conceived by Poisson, each of Faraday’s ‘ shot ’ being in fact 
when polarised equivalent to a little magnet, except that in 
dealing with magnetic masses the polarisation is usually uiuler- 
stood to be in parallelepipeds instead of in spherical particles, 
and Poisson’s investigations are therefore applicable. (See 
Memolres de VJmtiU^ for 1823 and 1824.) 

The mathematical theory has also been treated by Mossotti 
with especial reference to Faraday’s theory, but by a dilTerent 
method from that here employed. 

186.] In accordance with this hypothesis of Faraday’s, we will 
consider the dielectric as consisting of a great number of very 
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small conducting bodies, not necessarily sp/iericaly and separated 
by a perfectly insulating medium. A first object is to find the 
form assumed by Poisson’s equation when the conductors become 
infinitely small. 

In this medium take any parallelepiped whose edges, k, 
are parallel to the coordinate axes. Let these edges be very 
small compared with the general dimensions of the electric field, 
but yet infinitely great compared with the dimensions of any 
of the little conductors in question. The face hi of the parallelo- . 
piped will intersect a great number of these little conductors. 

If the medium be subjected to any electromotive forces, there 
will be on each conductor an induced distribution of electricity 
whose superficial density we shall denote by 0. Then for each 


conductor 



0 . 


Let X be the average value over the face hi of the force 
parallel to a?, and therefore normal to hl^ due to the whole electric 
field, including the induced distributions on all the conductors 
whether intersected by hi or not. We will first assume that the 
corresponding forces F, Z are zero. 

In this case the average value per unit area of kl of the 
algebraic sum of the induced distribution on the intersected 
conductors which lies to the right, or positive, side of hi is, by 
the principle of superposition, proportional to X Let it be 
QX, Q being the value which it would have if X were the unit 
of force. 

If the forces Y and Z are not zero, then the quantity of the 
induced distribution on any individual conductor lying to the 
right of hi will generally depend on Y and Z as well as on X 
But if the conductors be in all manner of orientation indiffer- 
ently, the quantity of free electricity to the right of kl^ due to 
Y and Z^ will disappear on taking the avemge ; because for any 
conductor, if the total density of the induced distribution arising 
from Y or Z for any position of the conductor be calculated, then 
on turning the conductor through two right angles about an 
axis parallel to x, the corresponding density in the new position 
will be equal to that in the former position, but of opposite sign. 
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We shall for the present confine ourselves to the case in which 
the conductors are orientated indifferently in all directions, and 
wo shall define a medium in which this is the case to be an 
isotropic medium, and any other to be a lieterotropic medium. 

It is evident that in an isotropic medium the quantity of the 
induced electricity in the conductors intersected by the faces It k 
or hi oi the parallelepiped which lies to the positive side of those 
faces respectively, due to unit force in direction y or 0, is the 
same as the corresponding quantity for the face hi. That is, it 
is Q. 

187.] The total electricity included within the parallelepiped 
will consist of (1) ^lihl^ the quantity of the given electrical distri- 
bution, which is supposed to exist independently of the condition 
of the medium within hkl^ whether it be vacuum or dielectric ; 
(2) the sum of the induced superficial distribution on those jiarts 
of the conductors intersected by the faces of the parallelepiped 
which lie within its volume. The part of (2) arising from the 
two hi faces will be 

hlQX and ~UqX 

WJj 

respectively, and their sum is therefore 

-hki^l{qx). 

In like manner the part of (2) arising from the faces hk^ hi of 
the parallelopipcd are 

and -hkl^^QZ) 

respectively. 

We obtain therefore for the wliole electricity within the 
parallelepiped, which we will call 

E = w\f-t («x) - 1 (fiy) - ±ml ( 1 ) 

Now let N be the normal force at any point on the surface of 
the parallelepiped measured outwards. Then on the two kl 
faces the average value of iV is 

-X and +X+A^ 
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respectively. Therefore for these two faces 


= + ^ hkl. 


Similarly, for the other two faces we shall have 


//■ 


Nds=+~ hkl, 
dy 


and JjNds = + hkl 

Therefore for the whole surface of the parallelopipcd 


If- 


,, , ( dX dY dZ ) . y . 

"'=i * 


But 


//"*= 


AtiE. 


jjj.dX dY dE. ^ „ 


j-fl +in<^X} + ^{1 + — jl + 4w(J^} + 4ir/> = 0; 


Therefore 
But from (1) 

4vE = hkl ^4irp-^^ (4w<3X)-^^(4irQr)- J- (4w(2^)| 
Hence we obtain 

d 

J1 JU ^L>vrt i Y %. a_ 

dy 

or, if we write 

1 + 4115 = 

and if F be the moan potential, so that 

r-^ll 

" “di’ ^~dy’ ^~'dz' 

d dV . d , dV , d,,,dV. , 

d^^^ Ix^dy ly ^'^'dz Hz^ ® 

This is the forai assumed by Poisson’s equation in such an 
isotropic medium as now under consideration. K evidently 
depends on the form, number, and position of the conductors, 
that is, on the nature of the substance. It is called the dielectric 
constant. 

188.] Again, if p +p' be the whole free electricity in the element 
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of volume dxAydz, including both that of the general electric field 
and that of the induced distributions, evidently 

d^Y d’F , , . . „ 

Hence we have 

d, dV.d, dV.d. dV, , , 

and is the sum of those poilions of the induced distri- 

butions on the conductors intersected by the faces of the 
parallelepiped which lie within its volume. 

189.] If over any surfaces there be superficial electricity of the 
^iven electric distribution, the equation 

dx dx ^"^dy dy dz ~ ® 

becomes, as in the cases previously investigated, 

« 

where the sufiixcs relate to the media on either side of the surface 
of separation. 

Let (1) and (2) denote two media bounded by a plane surface 
^ ^ AB^ such that A', Q, and X have the suffixes 

(j 1 and 2 in these media respectively. Let C'j, 

Cj be two parallel planes on either side of 
AB, Then, by the preceding, the superficial 
j 2 induced electrification in the sjiace between 

and AB^ and and AB^ per unit area of 
tli« planes, is + QiX^ and — respectively, 
and the total induced electrification in the space 
® between and (7^ is Q^X ^ -- Q 2 ,X^ per unit area 

ofAB. 

If the two planes Ci and be made to approach each other 
till they become infinitely near, this gives a superficial electrifi- 
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cation or' over AB, the surface of separation of the media (l) and 
(2), arising from induction on the conductors, such that 

<r' = -{Q,X,-Q,X,}. 

if the normals be reckoned inwards from the surface in case of 
each medium. 

Also if the electricity per unit volume arising from such 
induction be called />', we have seen that 

Therefore our equations may be written 

V®r-f-47r(/3+p') = a, 

dV dV 

and ~~+ " ^ + 4^((r + (r') = 0 ; 
dv^ dv^ ^ ' 

p' and (t' are called by Maxwell the apparent eleciricitm solid 
and superficial respectively, and Faraday’s hypothesis of the 
dielectric medium supplies us therefore with a physical meaning 
for these quantities. 

It follows from the equation (2) that at the surface of 
separation of any two isotropic media, in which the constant K 
has the values /Tj and respectively, if there be no real electri- 
fication on that surface, that is, if o- = 0, the normal forces on 
either side of the surface are to each other iii a constant ratio, 
namely 

(-) 

^dv>^ _K^ 

dv k; 

Vi;''* 

190.] Now let 0 be the superficial electrification at any point 
of the surface of any one of the small condjictors in the neigh- 
bourhood of any point JP, (^r, y, z) in the dielectric, and let 

2 or the sum of the integrals JJivcIxlS taken over the 

surfaces of all these conductors within unit volume, be denoted 
by (Tjj, assuming that the distribution of electricity on each 
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conductor and the distribution of the conductors themselves is 
constant throughout that volume and the same as it is at P; 
thus cTgg is a physical property of the dielectric at P analogous to 
the pressure jj referred to unit of surface at any points in a fluid 
mass, and other similar quantities. Let a be the average 
distance between two pianos parallel to y, Zy touching any small 
conductor, i.e, the average breadth of a conductor parallel to a?, 
and let n be the average number of such small conductors in 
unit of volume. It follows that the number of conductors in an 
elementary parallelepiped dxdydz is ndxdydz^ and the number 

ndxdydz 

intersecting the dydz face must be dx or nadydz, 

a 

Now if be the x coordinate of the left-hand plane parallel 
to yz touching any conductor, the average amount of the elec- 
tricity lying to the right of any other plane parallel to yz intcr- 


r rx — x-t » 

secting the same conductor must 1 1 ” the integration 

being over the surface of the conductor, i.e. it is ffx(l)dS, 
(* ^ JJ 


since 


Therefore the amount of electricity on tlie small conductors 
intersected by the left-hand dydz face of the parallclopiped dxdydz 
and lying to the right of that face must be 


nac 


idydz nJ'J*x(l)dS . dydz. 

But n jj x<l)d8 is the quantity above designated by or^. 

Therefore o-^ is the amount of electricity per unit surface 
on the right hand of a plane at P parallel to yz situated 
on small conductors intersected by that plane ; it is the same 
quantity as is denoted by QX in Art. 186; similarly for 0 *^ 
and (Tg. 

The quantities 0 - 3 ., (r^y are components of a vector cr, the 
value of any one of them when the corresponding axis is taken in 
the direction of cr. (See Chap. X, Art. 178). 

Prom Arts. 186 and 188 it follows that //, the density at any 
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point P of induced electricity belonging to the conducting 
surfaces, is 


' dx dy 


d(r,. 

^ dz>' 


and that if 0*3., o-y, tr^ be discontinuous over any surface 8 through 
P whose normal has direction cosines n, then there will be 
a superficial electrification arising from the induced electricity 
on the small conductors over the surface 5 , the density of which 
at Pis 

I (o-^ ~ a + m (o-^ - <t\) + n {a, - <t\), 
where and are the values of 0*3. and g'^ on opposite sides of 
Sat P. 

If V' be the potential at any point of the field arising from 
the induced charges on the small conductors and from these 
alone, then from Art. 189 P' must satisfy the equations 


vw r w r , » ^ 

— + “TV +47r(r = 0. 


ezr cir 

dv ^ dv 

And since the solution of these equations is determinate and 
unique, we must have 



where the integration extends over the whole field, a result in 
fact which is at once obvious from the physical meanings of p 
and g\ 

191 .] We know that the average force in direction x over 
any finite plane parallel to yz due to an electrical distribution 
whose algebraic sum is m placed on the positive side of the 
])lanc, and at a distance from it very small compared with the 
dimensions of the plane, is 

If therefore any such plane be situated in the medium under 
consideration, the average force upon it arising from intersected 
conductors will be — 2'ir<ra. from those on the right-hand side, 
and again —2770-^ from those on the left-hand side, or — 4770-3. 
on the whole ;.and if we limit ourselves to the consideration of 
the little conductors situated between two planes very close to 
and parallel to the supposed plane on opposite sides of it, the 
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average force will be parallel to ar, since the value of m 

for non-intersected conductors is zero * 

It follows therefore that if in the dielectric medium we take 
any two planes very close together, and each perpendicular to rr, 
the resultant of o-y, or„, at any point lying between them, the 
force at that point arising from the induced charges on the 

* The proposition in the text is an important one and may be proved rigorously 
as follows : — 

Let there be an infinite number of polarised molecules between two infinite 
planes parallel to yz^ and not intersected by the planes. Let the equations of the 
^planes be sb * a-i and a; = a,. Let Fi and F, bo the values of the potential from 
the polarised molecules upon the respective planes; and let dy^dzi, dy^dz^ denote 
elements of their surfaces, and dvy^ and dv^ elements of their normals measured 
outwards from the space between the planes. 

Applying Green’s theorem to the space between the planes, using x and V for 
functions, we have 


If' 




* dyjdZi 


iK- 

■■ fli rv^Vdxdydz, 
the last term Ifh ^F dxdydz including surfaces of 


dV 

superficial density or discontinuous , &c. 


\dz^ and 


Since the distribution within the planes is algebraically zero, m. 

m. dyx dzj are separately zero. Also and are 1 and + i respectively, 

and dxdydz — — 47r j'J'J' dxdydz if be the density at any point 

within the planes. 

Therefore fl- dy^dZi-JJ Vidy^dzi = 4 ’Iff (p dx dy dz. 

But if F be the mean force in direction of x, and C the area of either plane, 

JJVtdy^dzt- jj P^idy^dz^ = — « - F^ 

lume betweei 

-..///■ 


where H is the volume between the planes. 

t<pdx dy dz 


Therefore F* 


n 


These conclusions are equally true when the planes are of any ma^itude, 
provided the distance between them is infinitely small compared with their linear 


dimensions, in which case 


dxdydz 


same quantity as that 


above denoted by cr« and the proposition is proved. 
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small conductors situated between these planes and not inter- 
sected by them will be in the direction of <7 and equal to — 47rcr, 
and the forces from these small conductors thus included between 
the planes parallel to a?, y, and z will be 4 TrCy, — 47r<rg 

respectively, the same as the force would have been from the 
included conductors if the parallel planes including^ the point 
had been perpendicular to or z respectively. 

If instead of taking a region between two parallel planes 
whose distance is very small compared with their linear dimen- 
sions wo had considered a space inclosed within any small sphere 
in the medium, then we might prove that the force at the centre 
of the sphere arising from all the small conductors entirely 

• • a 4 TT 4 TT 

included within it has for its components — o-^., — 

4 TT ^ ^ 

and — - o-g respectively. 

Q 


If instead of a medium of small conductors with electricity on 
their surfaces distributed according to the law of induced elec- 
tricity under the action of a constant force with components 
A'i r", Z we were considering a medium composed of small dis- 
crete molecules, each separately containing an electrical distri- 
bution according to any law, subject only to the condition that 
the algebraic sum of the distribution in or upon every such 
molecule is zero, and if we denoted by 0 the electrical density at 
any point in any molecule, and by and the sums 

^ Iff ^ fff ^ 


for unit of volume in the neighbourhood of any point P, (iZ?, y, j) 
in the medium, the triple integrals JJJ &c. being replaced 
by JJjscjidS, &c., where is superficial, we should still have 


oTa;, <Ty, (Tg the components of a vector^ inasq^uch as by changing 
to any other rectangular axes rj, such that the direction- 
cosines of f are /, m, n, we get 


(Tf = 2 [laj + my-^7is^<l>dv 

= /o-aj + nKTy + no-g; 


VOL. I. 
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and the results arrived at in the preceding articles as to the 
density, solid p' or superficial o , of the electricity at any point, 
and the value of the potential V\ would hold good of this 
medium. 

192.] Comparing two electrified systems in all respects 
similar, except that in the one the dielectric constant has the 
uniform value A'l, and in the other the uniform value we 
see from the form of Poissons equation above obtained, that, if* 
V has at each point in either system the same value as at the 
iorresponding point in the other system, all the volume and 
superficial densities must as between the two systems vary 
directly as A, the dielectric constant. Conversely, if the den- 
sities be the same at all corresponding points, the potential at 
corresponding points will vary inversely as A. 

The ellcct of substituting a uniform dielectric medium with 
dielectric constant A', for air, in which the constant is unity, in 
any electrified system, is therefore the same as if all the charges 
on the conductors were reduced in the ratio 1 : A'*, or as if the 
repulsion between the masses e and / at distance r wore 

eti . . 

> instead of • It follows that tlie charges necessary 

produce given ])otcntials, that is the capacity of the system, must, 
in similar systems vary directly as A. For this reason K is called 
the specific inductive cajmeity^ or briefly the inductive capacity of 
the medium. 

The phenomenon observed by Faraday, using two concentric 
conducting spheres separated by a homogeneous isotropi<? 
medium, is a particular case of the general result of this 
article. 


193.] The conception and treatment of lines, tubes, and fluxes 
of force developed in Arts. 96-103 of Chap. V are equally 
applicable to an isotropic dielectric with any value of A, either 
uniform or variable, and might, indeed, have been applied to 
establish the equations above obtained in such a medium. If wc 
integrate each term of thejequation above proved, viz. 
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over a space inclosed within any closed surface Sy we get 

-*/// pdxdydz = 0 ; 


and if /, 71 be the direction cosines of the normal to any 

element dS of the surface, this becomes 




dV . dV dV^ 
ax dy dz 


)dS-k'^iT Jj'J pdxdydz = 0, 

JJkfjs = 47rm; 


where Fy^ is the normal force measured outwards at each point of 
S, and m is the algebraic sum of the included electricities. 

If’ therefore, as in Art. 102, any tube of force be limited by the 
transverse surfaces S and y, and if F and F' be the normal forces 
at points on S and 5' respectively, and if K and K' be the in- 
ductive capacities at those points, then the equation becomes 


JJ K'F'dS'-JJ A'A'(/5= 4irm, 

or as it may be written 


j'J F'ilS'-JJ FdS = 'Lit^m-JJ F'Q'(IS'+ JJ 


an equation expressing the same physical property as that of 
Art. 102, inasmuch as 




F'Q'dS' 


is the addition to the electricity included in the limited tube of 
force arising from the polarisation of the small conductors in the 
dielectric medium. 

In a medium with a continuously varying specific inductive 
capacity and finite volume densities, the forfte F obviously varies 
continuously both in direction and magnitude. 

If however there be an abrupt transition from one dielectric 
medium to another at any surface then, whether there be an 
actual charge on S or not, there is, as we have seen, a charge over 
S arising from the polarisation of the small conductors, called 

o % 
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generally the apparent electrification, although both from theory 
and experiment it is proved to have an existence as real as what 
is called by distinction the actual charge ; if cr^ be the density of 
this charge we have seen that 

where and are the forces normal to 8 at the point in the 
two media respectively, each supposed to act from medium 
towards medium If therefore there be no actual electri- 
fication on 5, we have 

= 47rrr' = (/T,- 1) F,^ (if,- 1) F,, 
or K.^ F^ — Oj 

as above shewn. 

And if i and i' be the inclination of the lines of force to the 
normal to 8 before and after the transit over 8^ 

tau '4 = { 1 + tan % 

Fcosi' 


as above proved. 

All the properties of tubes of force, elementary or otherwise, 
proved in Chap. V, for a dielectric of uniform K hold good in 
the case of a medium with vaiying K, if we substitute for i^(the 
force at any point) the quantity KF. This quantity KF is some- 
times called the induction. 

Should there be an actual charge or over 8^ then the ordinary 
equations would give 


tani = (1 + 


47r(o-4-(r') 

^'cosi 


).tani', 


Q being determined as before. 

194.] As an illustration of the application of the preceding* 
results, let us consider the state of the electric field when two 
media of different but uniform inductive capacities are separated 
by an infinite plane surface, and an electric charge is situated at 
a given point in one of them. 

Suppose the plane of the paper to be perpendicular to the 
plane of separation; let YEY' (see Fig. 29) be the line of inter- 
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section of these planes^ and let the charge m be situated at the 
point m in the medium whose inductive 
capacity is that of the other medium 
being 

Let mEm' be drawn perpendicular to the 
bounding plane, and let m' be so taken that 
mfE = mE = a, suppose. 

Let the distances of any point P from ir ^ m* 

m and m* be called r and / respectively. 

If V and P be the potentials on the left 
atid right of the plane YEY' respectively, 
then V and P must satisfy the following , , 

conditions, and being uniform in each 
medium : 


(1) r = P on the piano and each vanishes at infinity, 

(2) v»r+^'’ = o, 

(3) v^r+^ = o, 


Now r = / over the plane and the difierential coefficients 
of the functions ^ and i along the normal to the plane are pro- 
portional to ^ and “ respectively. 

It follows therefore that the conditions (1) and (4) may he 
satisfied by assuming 


F = 


T 



and r = — h - 7 - j 
r T 


and properly determining P, C, and P. 

Since p is zero to the left of YEY' except in the neighbourhood 
of the condition (2) requires that A should be equal to 


™ } and since p is zero everywhere to the right of YEY', the 

ky 
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condition (3) requires that JO should be zero, and therefore 


r - 4. 

Ic^r / ’ 


r=-, 

r 


(1) gives 


m 

K 


+B = C, 


(4) gives 
whence we get 




m 2m 

^1 ^1 ” 1 * ^2 " 1 * ^2 


V- — A 1 4. 

t *■ ^‘i + ^a 



29/1 1 

^1 + ^*2 


and the problem is completely determined. 

If (t' be the superficial electrification of polarisation, or so 
called apparent electrification, over the plane, then 




_ ^ i ( 1 _ _o I « 

4ir| ' *i+V 

47rr^ ^ 1 (^ 1 + ^ 2 ) ”~^i(^i + ^2 j 2719’^ 

If = 1 and = c» , we have 


V = m{---,), r = 0 , a' = 

4* 9* * 


ma 

2^’ 


agreeing, as they should do, with the results obtained for an 
infinite conducting plane in presence. of a charged point, in 
Art. 105. 

195.] As an instance of a similar treatment let us consider 
the case of a sphere (;pmposed of a dielectric medium of specific 
inductive capacity k, brought into a field of uniform force F in 
air. 

Before the introduction of the sphere the force throughout 
the field was F in a given fixed direction, which we will take for 
the direction of the axis of x. 
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If the origin be measured from any point, as for instance the 
point 0 with which the centre of the dielectric sphere is made to 
coincide, then, before the introduction of the latter, the potential 
of the field was + C. 

Let a be the radius of the sphere, and let F and be the 
potentials outside and inside of the sphere, then the conditions to 
be satisfied are : 


(1) F = F' at the sphere’s surface, and F becomes — /cc-j-C' at 
infinity; 


(2) V’* F = V® r = 0 everywhere ; 

(3) k - — + — =0 at the surface. 

dv 


Now we know from Art. 1 07 that a potential V of either of the 
Bx 

forms Ax^ or gives a normal force at any point on the 

sphere’s surface proportional to a?, and satisfies the condition 

JB X 

F = 0, provided that in the case of the form being 

chosen, the point is not infinitely near to the centre. 

If therefore wo make V of the form 


„ / , a® . . a^x ^ 

— Fx{\— ^3 +( 7 , 


and make V* of the form Bx-^C^ wo shall have condition (2) 
satisfied identically, and shall be able to satisfy conditions (1) 
and (3) by properly determining A and B, 


(1) gives F'= Bx-\’G ^ V = Ax^^-C at the surface, or B ’=> A, 

a k-\-2 


, . . . Bx 2Fx 2Ax 

(3) gives - « — = h 


And therefore the potential F throughout the region external to 
the sphere is given by the equation 


V = — Fx+F 


k—1 a?x 


H-C'; 


k-v2 r* 

and the potential F' within the sphere is given by the equation 

3 Fx 
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The density cr' of so-called apparent electrification at the surface 
is given by the equation 


^ 1 /I. 

fir •(*'-!) -57’ 


that is, 


i X 

47 r ^+2 a 


If i become infinitely great, o*' becomes already 

determined for a conducting sphere in a uniform field. 

The potentials V and P obtained above are obviously those out- 
side and inside of the surface due to the superficial electrification 


^ !tz}: ® 

Itt k-^2 a 


together with the potential of the field — (7. If we subtract 
this latter from V and P respectively, it appears that the 
potentials of <r' within and without the surface respectively are 

ft— 1 ^ _ ft— 1 , 


That is to say, a superficial electrification fxx over a sphere^s 
surface produces potentials 


47r - 47r a*x 

- flax, and -3 ^ » 


within and without the sphere respectively, and therefore gives 
a uniform field of force within the sphere. 

195 A.] We proceed next to consider the more general case of a 
medium not necessarily isotropic. 

In that case the quantity of electricity of the induced dis- 
tributions on the little conductors intersected by the kl face of 
the parallelepiped above mentioned, which lies to the right of 
that face, depends generally on the forces F and Z, as well as X, 
By the principle of sfiperposition it must consist of three portions 
proportional to X, .F, and Z respectively. Let it be denoted by 

= Qjra; X + Qg^y Y + 

t 

In like manner the quantity of electricity of the induced 
distributions on the conductors intersected by the Al and Ak 
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faces of the parallelepiped, which lies on the positive side of th^/ , 
faces respectively, may be denote^! by ; > ^ 

— Qyx^'^ Qyy ^ "t Qy»^9 > 

and (Tg = Qgx ^ + Qzy ^ + Qzz 

where (r^ = 2 J'J'x(j)dSj 0*^ = 2 J'J*^(f>dS, = 2 ^Jz(f)dSy ^ 

<l> being the electric density at any point of a small conductor, 
the double integration extending over the surface of each con- 
ductor and the summation 2 extending over the conductors in 
unit volume, as described above, Art. 190. We shall generally 
omit 2 for the sake of brevity in cases where there is not likely 
to be any doubt as to the meaning. 

196.] Again, the induced electrification <p at any point on any 
conductor consists, by the principle of superposition, of three 
])Oi’tions proportional to X, F, and ^ respectively. 

We will denote by the density of the electrification due to 
the force X, that due to F, and Z<f>g that due to Z, so that 
the whole density at any point on the surface of any conductor 
will bo <f>=:X<f,,+ ¥<!>, + 

Wc have then ^ Q,,Y+ 

(f>j.dS -h ydS’^zJJx<l>gdS, 

the integrals being over all conductors in unit volume. 

It follows that rr 

Qxx— JJx(l>xdS, 

Qxt=Jj!e(t>tdS, 

Qxz= jj x^,ds. 

Similarly we shall obtain, 

= Qyx^^ + Qyy ^ + Qyz^ 

= dS+ yJJ + Z j'Jy 0. dS, 

= xyj z<l>^dS+ Y j'Jz (t>^dS+Z 
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and therefore 


Qyy — J*J* y 4*y 

Qtx= JJy<f>xdS, 


Q». = jjy4>.ds, 

&c. = ke. 

The properties of the coefficients Qxyi or 
JJx<l)j,dSi &c. were investigated in Chap. X; and as there 
proved, &c. 

If I, n be the dircction-cosines to the normal to any plane 
drawn in the medium, the quantity of electricity on the little 
conductors intersected by unit area of that plane which lies 
on the positive side of it is la-^ + may + fKTg by Art. 191. 

If the medium be isotropic, as above defined, the forces Y and 
Z will not affect the quantity of electricity to the right of the 
plane kl. In fact, in an isotropic medium 

JJxipydS r=: Oj and JJz(l>jcdS ^ 0, 

And JJx (l)jc dS = JJy (jyy dS = JJ z (/>;, dS, 

In that case 

O’* = ^ 

and A"=l + 47rQ 

= l + ^-TT jJx(l)dS. 

197.] If the medium be not isotropic, the integrals JJ X(l>ydS, 

&c. are not generally«zero for all directions of the coordinate axes. 
But it was shewn in Art. 1 79 that for any system of conductors 
in a field of constant force there exist three directions at right 
angles to each other, such Jihat if these be taken for axes, each 

of the integrals JJ V(l>yflS, &c. is zero. 
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We may therefore describe a small sphere about any point in 
our medium, and find three perpendicular directions such that, if 
these be taken for axes, each of these integrals vanishes, if taken 
throughout the sphere. And we may call these three directions 
the principal axes of electric polarisation at the point in question. 

With these directions for axes we have 



But it will not be generally true that 


JJx(l)^dS=^ JJy<l>ydS=z 


and (t^ being in this case proportional to X, Y, and Z 
respectively, wc will write 

= <Ty-QyYy 

and X'=:X’+47rQ^X, 

y'= r+4Tr©,r, 


And we may write 

H- 47 rQ;c= I JJx(l)j,dS, 

Ky = 1 + 47r<?y = l + 4:7rJJy(t)ydS, 

J\\ = 1 4 - 47r(2s = 1 + 4 TT yy* z dSj 


These ratios Ky, have a determinate value at every 
point in a heterotropic medium, but may vary from point to 
point. Also the directions of the principaUaxes may vary from 
point to point. 

If K^, Ky, and K^ be constant, and the directions of the 
principal axes also constant, the medium, whether isotropic or 
not, is said to be homogeneous. If otherwise, heterogeneous. An 
isotropic medium is therefore homogeneous if K be constant. 



204 • SPECIFIC INDUCTIVE CAPACITY. [ipS. 


If Kx, Ky, K, vary continuously, the same reasoning by which 
in an isotropic medium we obtained the equation 


d .^dV.d ,^dV. d ,„dV^ , 

da) ^ dy^^ dy^'^ dz ~ ^ 


leads, in case of a heterotropic medium if the coordinate axes be 
the principal axes, to 


d dV. (Z dr, d ,„dV^ , 

(^. xr) + ^ ^) + 4irp = 0. 


^ 2 , be the constants for 


dx ' * dx’’ dy dy >^dz dz 

Also if A'i„ Ai, and Ag*, A; 
two heterotropic media separated by a plane whose direction 
cosines are I, m, n, we have at the surface of separation 
,dV. „ ,dV,) (_ ,dV. ,dV.\ 


corresponding to equation (2) of Art. 189. 

Let be the average force which would exist on the plane 
kl if all the intersected conductors were removed. Then, it 


follows from Art. 191, that is connected with X by the 
equations 

X = A^+4'7ra-jp, 


so that 


= Xi- 4iTTQxX if the axes be the principal a^fts, 
= Xy,X, 


Z' 

X 




or Kg^ is the ratio between the average force which would exist 
on the plane if all the intersected conductors were removed 
and the average force which does exist over that plane in the 
medium. 

198.] As shown oin Art. 180, the energy of the medium per 
unit of volume is 

-\\x^ffx<f>,dS-\-Y^ffy<i>ydS+Z^jfz4>.ds'^', 

and the little conductors, if each free to rotate on any axis, will so 
use their freedom as to make the expression within brackets the 
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greatest possible^ by placing themselves in suitable positions; 
that is, they will endeavour so to place themselves as that the 
axis of greatest polarisation shall coincide with the resultant 
force ; so that, for instance, if 



JJy<l>gdS> Jjz4>,dS, 


the conductors will so place themselves as that the principal 
axis os shall coincide with the direction of the force. 

If they be perfectly free to move, this object will be effected 
for any direction of the resultant force ; and as in that case there 
will be no polarisation in any direction at right angles to the 
force, the expressions 


JJx <f>ydS, JJ B <#), dS, JJ y d>i 

are zero. Such a medium will then have all the properties of an 
isotropic medium. 

But unless the conductors be perfectly free to move, or are 
spheres, the medium will in general be heterotropic. 

199.] It appears from the preceding that the numerical value 
of the dielectric constant K in any isotropic medium must depend 
upon the form and density of distribution of the small conductors 
within the medium. 

Suppose now that these are spherical, and that A. is the fraction 
of any volume within the medium which is occupied by the 
whole of the small conductors within that volume. 

Suppose also that the average force within the medium in the 
neighbourhood of any point is X, parallel to the axis of .r. 

Since the force within each conductor is zero, it follows that 
the average force in non-conducting space in the neighbourhood 

of the point in question must be - — - . 

Now the electrical distribution on the s^irfiice of each sphere 
must be such that the force arising from it within the sphere, 
together with that from all the other electricity in the field, shall 
be zero throughout that sphere. 

If the spherical distribution were very rare it is clear that the 
force arising from all the electrical distributions except that in 
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any one sphere must be sensibly constant throughout that 
sphere. In other words, the sphere is situated in a field of 

constant force - — ~ parallel to the axis of x. 


Therefore the polarisation of any particular sphere must be 
3^ JC 

— > where v is the volume of the sphere: sec Art. 182. 

4*77 1 — \ 

Hence the polarisation per. unit of volume, which we denoted 
3X JST 

above by QX is — — r » ^ind therefore 
^ ’ 4w 1 — \ 


K- l + 47rC= 1 + 


3X 

i-x’ 


or, as X is supposed very small, Jr= 1 + 3X. This amounts in 
fact to regarding each sphere as polarised independently of the 
rest. If X be not very small, so that we have to eonsider the 
mutual influences of the spheres, the reasoning is precarious and 
cannot be insisted upon. 

200.] We may also construct a composite medium, portions of 
which shall consist of a dielectric whose constant is A\, and other 
portions consist of a dielectric whose constant is If such 
a medium be uniform throughout any space, that is, if the 
distribution inter se of the two dielectrics be the same for unit 
of volume in any part of the space in question, the problem 
presents itself for consideration, what is the average force in 
such a composite medium due to the induced distributions within 
it ; or, as we may otherwise express it, what must be the value 
of A, in order that a uniform medium with K for dielectric 
constant may have the same effect as the composite medium. 
The solution of such a problem depends on the manner in which 
the two dielectrics are distributed inter se. If, for instance, the 
medium is in separate masses bounded by closed surfaces 
dispersed through tlje medium the solution of the problem 
will depend on the shape as well as the number and magnitude 
of the separate masses. 

We might endeavour to ^determine the density of an induced 
distribution on those surfaces which, if they were filled with the 
dielectric A^, would cause the normal forces on opposite sides of 
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K 

the surfaces to bear to each other the ratio • If by that, or 

by any other method, we could find the value of JJx(l)ds for the 
composite medium, the value of K is at once known to be 


1 + 4 


"If’ 


(jyds. 


The problem is substantially the same as that of the deter- 
mination of the dielectric constant in a single medium. If, for 
instance, the dielectric be contained in spheres, and they be 
so distant from each other that their mutual influence may be 
neglected, and the whole system be regarded as placed in a field 
of uniform force X, it will be found that the density of the 
induced distribution upon them which causes the normal forces 
within and without the spheres to have the required ratio is 
3X ^ 

/jrojwrlional to cos 0, X being the external force, and 0, as 

before, the angle between the radius of any point on a sphere* 
and the direction of x. 

Let the density be 

3 X 

(T = 71 X —— cos 6f 

^TT 

where is a ratio to be determined. This distribution gives a 
force —nX within any sphere. Consequently the normal force 
within any sphere is 

(1 — /i) X cos 0. 

The norinjil force outside of a sphere is 

(1 — 71 + 3 n) X . cos 0, 

We have then by the condition respecting the forces 
X^(l+27l) = /i,(l-7^), 

K,^h\ 


and 

from which K 


n = 


2 Xj + Xg 


= 1 + 

or, \ being very small, 

1 + 3\ . 


3A, Xg — X, 


1-3 A 2A\ + A"g 
2 X| + Xg 



CHAPTER XII. 


THE ELECTRIC CURRENT. 

Article 201.] Hitherto we have been engaged in the de- 
velopment of the so-called two-fluid theory of electricity in its 
application to Electrostatics, or the conditions, on that theory, 
of the permanence of any electric distribution, one essential 
condition being that the potential shall have the same value 
at every point in a conductor. The results arrived at arc so 
far in agreement with experiment as to justify the aceeptanct! 
of this theory as a formal cxplanatift of electrical phenomena. 

We now proceed to consider how far the theory can be adapted 
to the explanation of observed phenomena in another class of 
cases, those namely in which different regions of the same con- 
ducting substance are maintained by any means at unequal 
potentials. 

Suppose, for example, that two balls of any given metal 
and at the same temperature, originally at different potentials, 
are held in insulating supiwrts, and connected together by a wire 
of the same metal; then it is found that after an interval of 
time inappreciably small, the potentials are reduced to an equality 
at all points of the conductor thus formed of the balls and wire, 
and that the total charge on the ball of higher potential has been 
diminished, and that on the ball of'lower potential has been in- 
creased. With the conception and language of the two-fluid 
theory there has been in this short interval a Jim of positive 
electricity in the one direction along the wire, or of negative 
electricity in the opposite direction, or both such flows have 
taken place simultaneously. 

If a magnetic needle be suspended near to the wire, a slight 
transitory deflection of thfi* needle may be observed during the 
process of equalisation of potentials, and it might be possible 
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with* a sufficient length of wire and apparatus of sufficient 
delicacy to detect a slight rise of temperature in the wire. 

202. ] Methods exist whereby the inequality of potentials in 
different parts of a conductor may be restored as fast as it is 
destroyed, and in such cases certain properties are manifested in 
the conductor and its neighbourhood so long as this inequality 
is maintained. 

For instance, if the conductor be very small in two of its 
dimensions in comparison with the third, in ordinary language 
a wire, the deflection of the needle is no longer transitory but 
persistent, so long as the inequality of potentials is maintained, 
the amount of such deflection depending upon the amount of 
the inequality, and the dimensions and constitution of the wire ; 
heat also continues to be generated in the wire at a rate depend- 
ing upon the same circumstances. 

Also if the wire be severed at any point, and the severed ends 
connected with a composite conducting liquid, thus forming a 
heterogeneous conductor of wire and liquid, chemical decomposi- 
tion of the liquid will ensue at a rate dependent on the difference 
of potentials, and the nature of the wire and liquid. 

According to the two-fluid theory, there must be under the 
given circumstances a permanent flow of one or both electricities 
between the unequal potential regions, of a like nature to the 
transitory flow spoken of above, and the wire is, in the language 
of that theory, spoken of as the seat of an electric cuvrenL Of 
course the existencp of such a current is as purely hypothetical 
as that of the electric fluids themselves. A transference of some 
kind there must be, for it is indicated by the respective gain 
and loss of electrification in the two connected conductors, but 
whether that transference be a material transfer as implied 
by the two-fluid theory, or a formal transfer like a wave, or 
the transmission of force as in the case of ^ tension or thrust, 
we are not in a position to determine. The current,, as it is 
designated, must be regarded as a phenomenon by itself, called 
into existence under certain conditions^ and subject to laws to be 
investigated by independent observation. 

203. ] The question indeed might arise, how far are we 

VOL. I. P 
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warranted in regarding current phenomena as indicating the 
absence of electrical equilibrium ? 

When parts of a conductor are maintained at permanently 
unequal but constant potentials, a certain state of the field 
ensues, which is also permanent, and it might be said, that 
we have in such a case a system in equilibrium although not 
satisfying the conditions required by the two-fluid theory. To 
this it can only be replied, that in the case of electrostatical 
equilibrium wc have a system permanent of itself ; whereas in a 
constant current the permanence always necessitates an expendi- 
ture of energy from some external source. The former case 
resembles the mechanical equilibrium of a heavy body on a hori- 
zontal plane. Tlie permanence of the latter case resembles that 
of a heavy body dragged uniformly up an inclined piano, and 
requiring at each point of its course the expenditure of external 
work. 

Lawe of the Steadt/ Current in a Single Metal at Uniform 
Ttynperaiiire. 

204.] ( 1 ) The intensity of the current is the same at every point. 

We have mentioned certain physical manifestations accom- 
panying the current, viz. thermal, chemical, and magnetic. 
These are capable of measurement ; and it is reasonable to re- 
gard these measurable effects as exhibited in the neighbourhood 
of different portions of the current as giving a measure of the 
intensity of the current in those portions. It is found experi- 
mentally that in the case of a steady current these effects are 
the same throughout. Wherever the magnetic needle is sus- 
pended — assuming its distance from tlie wire and other circum- 
stances to be the same — the same deflection results. If the 
wire be of equal section in every part, then equal portions are 
heated at the sam® rate, and in whatever portion of the wire 
the liquid conductor above described is introduced, chemical 
action also takes place at the same rate. 

This law is evidently consistent with the two-fluid theory, 
according to which we regard the current as a flow of either 
fluid across any transverse section of the conducting wire. 
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(2) Ohw!% Law, 

This law, which is universally accepted, asserts that — 

If a uniform current he maintained in a homogeneous wire 
whose surface is completely enveloped hy insulating matter^ the 
intensity of the current in the wire is directly proportional to the 
electromotive force {i. e. the difference of potentials at its extremities^ 
and inversely proportional to the resistance of the wire; the 


mathematical expression of the law being 



where I is the 


current intensity^ E is the electromotive force^ and R the resistance. 
The quantity here called the resistance depends upon the 
length and transverse section of the wire and upon the material 
of which it is composed. For wires of the same substance it 
is proportional to the length directly and the transverse section 
inversely, and Ohm’s law asserts that if through a wire W the 
electromotive force E produces a current /, and through another 
wire W' the electromotive force E^ produces a current then 


the fractions ~ and 


will always bear the same ratio to one 


another so long as the same wires W and W' arc employed. If 
R be the resistance, — is called the conductivity^ and if this 


be denoted by then Ohm’s law may be expressed in the form 
I=:KE. 


205.] If the insulation of the wire is perfect, so that no trans- 
ference of electricity can take place across its surface, the direction 
of transference at each point must, in the permanent state, be 
parallel to the axis of the wire at that point, but this direction 
must be also perpendicular to the equipotential surface through 
that point ^ The wire is in fact a tube of force, and if it be of 
uniform section the resistance through each element of length ds 


dV 


is proportional to ds^ and therefore we hai^ ds 


dV . 
or -7— is 
ds 


* This coincidence of direction of the electromotive force at any point and of the 
current through that point does not hold good ip the case of anisotropic substances. 
At present and hereafter, in the absence of special notice to the contrary, it must 
bo understood that we are confining ourselves to the consideration of isotropic 
substances. 
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constant at each point. Hence, by Art. 102, there can he no free 
electricity at any point within the substance of the wire. 

This condition is satisfied according to the most generally 
accepted theory by regarding the electric current as consisting 
of equal quantities of positive and negative electricity flowing in 
opposite directions. 

In this case the potential Vy at any point distant s from a 
fixed point in the wire’s axis, must be given by the equation 
V z=z Rs+Cy where R is the constant resistance per unit length ; 
and if the axis be a straight line parallel to x we have F=Rx + Cy 
i.e. the potential is that of a field of uniform force. 

If the wire be not of uniform section, then the resistance 
along a portion of length ds along the axis is, by Ohm’s law, 
proportional to directly, and to dS the transverse section 

dF dF 

inversely ; hence we have ice ^j^Sy or is constant through- 

out, proving (by Art. 102) that there is still no free electricity 
within the substance of the wire. 

206. ] The statement of Ohm’s law may be generalised as 
follows for all forms of homogeneous isotropic conductors with all 
their dimensions finite. For, from what has been said above, it 
follows that the current flows from one elementary region to 
another of such conductors along elementary tubes of force. If 
we regard such tubes as wires in which the current obeys Ohm’s 
law, this leads us to the equation for the intensity of the current 
over the elementary area dS of the equipotential surface through 
any point 

ioc - dS, or 18 constant. 

ds ds 

An equation which, as before stated, proves that there is no free 
electricity within the substance of any conductor through which 
a permanent current.is passing. If the conductivity be variable 
and be denoted by A, this becomes 

i=:-K^dS. 

ds 

c 

207. ] It may here be interesting to prove the following pro- 
position, as an illustration of the resistance of a conductor, 
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namely — If one electrode of a conductor be in communication 
with the earth, and the other with a conducting sphere charged 
originally with any amount of electricity, then the resistance of 
the conductor is the reciprocal of the velocity with which the radius 
of the sphere must diminish^ in order that the potential of the 
sphere may remain constant, notwithstanding the loss of elec- 
tricity through the conductor K 

Let the initial radius of the sphere be and the mass of 
its initial charge be M; then the original potential F will 



a 


li dM and da the simultaneous small decrements of M 
and a in the small time dt^ then, since by hypothesis V is con- 
stant, we must have 

a da 


But if 72 be the Resistance of the conductor, we have 

dJf=~df. 


Multiplying these equations together we get 

_ 1 c/i 
^ ~ Rda 


or 


da 1 
dt ”"72 


208 .] Oil the Value of the Resistance in particular Cases, 

(a) A series of wires of the same material but different trans- 
verse sections joined together in series end to end. 

&c. 


-^2 ^3 *^4 

Fig, 30. 

Let the wires, n in number, be ^1^29 ^2^39 -^3^4* 
the resistances in these wires be 72 ^, 722 , 723, &c. Let the poten- 
tials at the points -^2, -^3, &c. be Fj^jV^, F.^, &c. And let 

^ The proposition is taken from Mascart and Joubert’s EkctricUy and 
Magnetim, 
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the intensity of the current, which must be the same in each 
wire, be i. 

Then, by the continuity of the current and Ohm’s law, we have 

• ^1“ ^2"" ^8 ^n+i ^n+i 

B,, ^B,+ B,,.,-hB^' 

If therefore B be the resistance in this case, 

(0) The resistance in the case of a multiple arc conductor. 

The conductor is called a multiple arc when it is formed, as in 
the figure, of a number of separate wires branching off from A, 


I 



f’fe* 31- 


the extremity of one wire aA^ and converging to the extremity 
of another wire Bb at £, Let Vj, be the potentials at A 
and £ respectively. 

In this case the electromotive force in each separate transit 
from A to £ is the same, viz. If &c. be the 

resistances of the wires, ig, &c. the currents flowing through 
them, and i the current in A a, we have 

h A = ^2 ^2 = = Ya- Vf,, 




r.-K 


if B be the resistance sought, and therefore 


1 

B 


1 1 


o + &c. + • 


The current flowing in any particular wire, as for instance 
is equal to ‘ 

/ti 

If we denote the conductivities by JPi ... JCg ... AT,,, we have 


y ^ JL 

It follows from (a) that the resistance in a wire of given 
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uniform section varies directly as the length of the wire, and it 
follows from (j3) that the resistance in a conductor consisting of 
any number (n) of similar and equal wires placed side by side is 

of the resistance of any one of the wires taken singly, 


hence the resistance of a wire of given substance and given 
length varies inversely as the area of the transverse section, 
or generally the resistance in a wire of given material varies as 
the length directly and the transverse section inversely, as 
already stated. 

209.] If we have a homogeneous wire of which the area of a 
transverse section at distance s from one end is /(«), the resistance 


per unit of length at the same point is y resistance 

of the portion s of the wire is / -y-y . Hence, if Fq be the 

potential at the end in question, the potential at distance 
when a current i flows from that end, is found from 




ds 

?¥)' 


Currents of much greater complexity may occur in practice 
and are of great importance. We shall later on investigate a 
more generjil case of a system of wires traversed by electric 
currents. 

210.] When the conductor is not a wire, or collection of wires, 
but a continuous conducting substance, we have seen that 
Ohm's law may be expressed by the equation 


as 


where i is the intensity of current which traverses an equi- 
potcntial elementary area in the neighbourhood of any point 
at which the potential is Fy ds is an element of the line of force 
through the point, and Z is a constant at all points in the sub- 
stance depending on the nature of its material. 

When any given regions of su(Jh a conductor are kept a", 
uniform given unequal potentials, a permanent current state 
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is soon established ; the given equipotential regions are in such 
a case generally 1:ermed electrodes^ and sometimes sources or sinks 
of electricity, according to the direction of the current flow from 
or towards them. 

When these electrodes are two in number, one source and one 
sink, we may, as in the case of a wire or wires, determine a value 
of the ratio of -electromotive force to current intensity which 
will remain constant so long as the substance and position of 
the electrodes is constant, and this ratio is spoken of as the 
resistance of the system ; the electromotive force is the differ- 
cncc of the constant potentials of the source and sink, and the 
current intensity is measured by the rate of transference from 
source to sink per unit of time. 

211.] As a particular example let us take an infinitely extended 
and very thin conducting plate, bounded by parallel planes 
and pierced by two cylinders P and Q which arc maintained at 
given constant potentials. 

If the mean plane of the plate be that of x, y, and F be the 
potential at any point, the conditions that there shall be no 
free electricity within the plate, and that the cquipqtential 
surfaces are all normal to the plate, lead to the equations 



Hence the problem may be treated as one in two dimensions 
only, and the electrodes may be regarded as circles with radii 
equal to those of the cylinders ; let these radii be a and b, and 
let the constant potentials be Fp and F^ respectively. 

The equation in /' or 

<PV 

may be satisfied by assuming 

F= (7+i4ilogVj + il2log7’2+&c., or (7+2.4 logr, 
where the quantities rj, See. are the distances of the point 
X, y from any assumed fixed points^ and these points must be so 
taken that F is equal to FpOjA Fq respectively at the circum- 
ferences of the circular electrodes. 
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Let Op and 0^ be two points within the circles P and Q such 
that each is the image of the other in its own circle, and let the 

potential Tat any point be taken equal to 0— Jlog-> where 

^2 

and rg are the distances of the point from Op and 0^ re- 
spectively, then all the required conditions will be fulfilled, 
provided C and A be taken to satisfy the conditions 


Tp = 0— i'l log at the circumference of P, 


'2 


C—A log^ at the circumference of Q, 
ri 


inasmuch as — - is constant over each of these circumferences. 

^2 

T 

Since V is constant whenever ~ is so, it follows that the 

equipotential curves are circles each one of which is conjugate 
to the centres of P and Q. The orthogonal trajectories of 
such circles, or the lines of current fiow, are circular arcs each 

, dV dF 

passing through these centres, and, if and be found at the 
circumferences of these circles respectively, we can find the whole 

r — r 

current in unit time in terms of Fp— in the form of ^ ; 


the quantity R is then called the resistance of the system, its 
reciprocal being the conductivity. 

In the particular case of the radii a and b being equal, and 
each very small compared with f, the distance between the 
centres, we find from the above equations 


F — F 
logf 


Let i be the current in unit time ovey the arc (Is of the 
circumference of the P electrode, then, since is sensibly con- 
stant and the direction.^ of the line of flow is along the radius 
ofP, 
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where K is the conductivity of a unit length of a prism of the 
conductor of unit breadth. Therefore the total current in unit 
time over the P circumference is or 2ttKA. 

It is clear that K is proportional to the thickness 6 of the 
plate, and if for it we write Kb, the current per unit time will be 

2 Tf Kb , Ay 


where K is now the conductivity through a cube of the substance 
whose edge is the unit of length. 

jr 

Writing for A the value already found — , we get the 


current per unit time equal to 


2 log 


/ 


F — F 

logi 

a 


f 

and the resistance of the system is log — 


Tt Kb 


On Systems of Linear Conductors, 

212.] A conductor, two of whose dimensions are very small 
compared with the third, as for instance a wire, is called a linear 
co'iiductor. 

We have had occasion to consider certain properties of linear 
conductors. Firstly, we have seen that if such a conductor be 
divided into i^veral parts through which a current flows con- 
secutively, as ABy BCy &c,, the resistance of the whole is the 
sum of the separate resistances of the several parts. Hence, in 
case of a homogeneous conductor at \miform temperature, if the 
potentials at the ends are known we can determine the potential 
at any intermediate point when a current is flowing. 

For instance, let APB be a wire the potentials of whose 
extremities are F„ and Vy. Let P be an intermediate point, and 
let .the resistance of the portion AP be and that of PB be 
Then if i be the current, 

Fa “”*Fp ~ iy 

Fb = r„ 
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(F,- Ft), 

Tap + Tpi 

which determines Fp. 

Similarly, if i be given, but the potentials are not given, wc 
can determine the differences of potential Va—^p ^*^<1 
Again, in case of two or more wires connected in multiple arc, 
we have shown that if F^, F^ be the potentials of the extremities 
the currents in the several wires are respeetively JCi(F«— F^), 
^h)i where &c. are the conductivities of the 

wires. And we can therefore determine all the currents if F„ 


and Fj, are given, or the difference of potentials F^— if the 
sum of the currents is given. 

It is assumed that the wires are all of the same metal, and at 
uniform temperature. 

218.] The points of junction of the wires are called the electrodes. 
In the above simple case we have only two electrodes. But we 
may conceive a system of wires meeting in more than one point. 

For instance, to take a case a little more complicated, let there 
be two wires APB^ AQB, and the 
two intermediate points F and Q 
connected by a third wire. 

If the potentials at A and B arc 
given, we may determine those at 
P and Qj as follows. 

Let A„p, Kpj,, Kpg be the conductivities of the three wires APy 
PBy PQ, Then, since the sum of the currents flowing from P 
must be zero, we have 



Fig. 32. 


Kap (Fa- Yp)^K,p (F,- Vp)^Kp, (F,- Fp) = 0. 
Similarly, 

Ka, (F«- F,) + ir,, F,) + Fp, (Fp- F,) = 0, 

from which, the conductivities AT being known, the two unknown 
potentials, Fp and F^, (jan be determined; and thence the cur- 
rents are known. 

If instead of the potentials, the cuWnt (?, entering the system 
at A and leaving it at JS, be given, we have three linear equations 
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to determine the differences of potential and 

namely, 

0 = {Vp^ r,) + K,p {Vp^ r,) + Kp, {Vp^ r,\ 

0 = (V,^ r,)+ (r,- F,) + A^p,(F,^ F^. 

The points P and Q will generally be at different potentials, 
and a current will pass along PQ. or QP, 

214.] The case in which P and Q happen to be at the same 
potential is of special importance. In that case no current passes 
in PQ, and the potentials at every point in either wire are the 
same as if there were no metallic connexion between P and Q. 






rag+r^b 

A current will pass in one or other direction along PQ, 
unless P and Q arc at the same potential, that is, unless 


* np ^ 


“h '^"ph '^aq “t ^qh 

This principle is made use of in instruments for measuring 
resistance. Suppose, for instance, AX is a wire whose resistance 

is required. Let £X be a con- 
ductor whose resistance is known. 
Place AX and XP so as to form one 
conductor AXP, Let AJiB be a uni- 
form wire, li a point in it. 

If E and X be joined by a wire, a 
® current will pass along it in one or 
other direction, unless the potential 
at X is the same as at E. 

We increase or diminish the 'distance of E from A until a 
needle suspended near EX shows no deflection when an electric 
current is made to pass from A to B. yhen we know that the 
potential at X is the same as that at Ei and therefore 

* AE 
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which determines . This is the principle of the instrument 
known as Wheatstone’s Bridge. 

215.] In a more general case, there may be n points, or elec- 
trodes, connected each to each by wires of known conductivities. 

Let be the potentials at the several electrodes, 

Cp Cg, ... 0 ^ the currents which* enter the system from without at 
these electrodes respectively, taken as negative when a positive 
current leaves the system. Then the current in AB is 

and we have for the electrodes P and Q 

cp = K,, (Fp- n)4-&c.) 

^ ^ 

and so on for each electrode. 

Now since no electricity can be generated or destroyed within 
the system, the sum of the currents entering the system at all 
the electrodes must be zero. That is, 

... = 0 . 

Therefore only 1 of the c’s arc independent. 

Also, since we are only concerned with the differences of the 
potentials, there are U'-i independent quantities of the form 
Va-r,. 

In all we have w — 1 independent linear equations of the form 
A subsisting between the 2n — 2 independent quantities. 

If therefore any — 1 of the quantities be given, the equations 
suffice to determine the others. For example, if the entering 
currents c be given at any n — 1 of the electrodes, we can deter- 
mine all the differences of potential. And if all the differences 
of potential are given we cau determine the currents. 

If we differentiate the equation A for any electrode, as P, we 
obtain 

—dCp = c?Fft + &c. 

Similarly, differentiating the equation for*I wc obtain 
— dca, = K^pd7p-\-kc, 

Since it fdllows that the potential at P due to the 

introduction of unit current at A is«equal to the potential at A 
due to the introduction of unit current at P, and so on. 
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On the Generation Heat hy Electric Currents, 

216 .] Suppose a uniform current of intensity I to be existing 
in a linear conductor AB of resistance -ff, with terminal 
potentials Va and 

There is a transference, per unit time, of electricity I from the 
extremity A to the extremity of B, 

Now if ^1, ^2* charges upon a system of conductors 

Ax, A.j>, &c., and if &c. be the corresponding potentials and 
W the electric energy of the system, we have proved that 

de ■“ 

In the case now under consideration, the charge at the 
extremity A of the conduetor, where the potential is is 
diminished by Idt in the time dty and tliat at the extremity B, 
where the potential is is eorrespondingly increased by the 
same quantity. Hence, since Fa is greater than , there is by 
the process a diminution of the electric energy of the system in 
time dt equal to 

But by Ohm’s law, we have 

Va-Vb 
R ’ 

Therefore the diminution of electric energy, owing to the 
existence of the current, in the time dt is 

R 

This is the work done hy the electrical forces in the field in 
time dt in the passage of the current 1 through the conductor, 
and this work done, or electric energy lost, must reappear in 
heat evolved in the conductor AB in the same time. 

If therefore J represent the Joule heat equivalent, the heat 
evolved per unit time will be 

RI^ 

J * 

Joule was the first to prdVe by direct experiment that the rate 
of evolution of heat in any wire through which a current passes 
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is proportional to the square of the intensity of the current, 
and wo now see that this result follows directly from Ohm’s law 
and the principle of the conservation of energy. 

217. ] If the current, C, having been generated in a system, 

be allowed to decay by the resistance JB, the value of the current 
at time t after the commencement is Hence the total 

quantity of heat generated when the current has ceased is 

do 

For this reason is sometimes called the energy of the 

current. 

It is supposed here that the current during this process is 
uninfluenced by any other current, or by any magnetic field, as 
we shall see later that electric currents in the same field exert 
mutual action on each other. 

On the Generation of Heat in a System of Linear Conductors, 

218. ] In the simple case of a number of wires in multiple 

arc, we have seen that &c., where Ci, &c. are 

the currents, and iZj, JB 2 , &c. the resistances in the respective 
wires. 

If the total current + &c., or SC, be given, this is the 

distribution of the current among the several wires which makes 
the heat generated per unit of time a minimum. For S C is 
the heat generated, and the condition that this should be mini- 
mum given 2 C7 is that R^ &c. 

The same property can be proved (Maxwell’s Electricity and 
Magnetism^ 283) for the more general system, provided there be 
no internal electromotive forces. 

For let (7„, Ci,, &c. be the given currents entering a system of 
linear conductors at the electrodes jB, &c. Let be the 
current in any wire PS determined according to Ohm’s law by 
the process above described, so that 

or 

Let us next suppose the same total current constrained to flow 
through the system according to any other mode of distribution. 
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without however altering the sum of the currents flowing from 
or to any electrode. Let, for instance, the current in PS be 

+ instead of Cp,. 

Then the heat generated in the distribution according to 
Ohm’s law is 

And the heat generated in the constrained distribution is 
2/2(0+X)», 

or + 

But for each electrode Ay By &c. the sum of the entering 
currents is unaltered. 

Hence, for any electrode as Ay 

Cax + a 02 + • • • = Ca, + + Ca^ + -^ 02 "^ ^ 

or sz;, = 0. 

Hence 2ltRGX = 0. 

Therefore the heat generated per unit of time in the con- 
strained system is + and exceeds that generated in 

the original system by the essentially positive quantity 2 RX^. 

Bledromotive Force of ConfacL 

219.] Up to this point we have introduced the restriction that 
the conductors with which we are concerned shall be of the same 
substanee throughout. The reason of this restriction, which in 
Strictness is equally required in electrostatic investigations, will 
now be considered. 

Volta believed that when two different metals were placed 
in contact, the potential of one of them was always higher than 
that of the other, and this without any disturbance of electric 
equilibrium. In fact, that instead *of the condition of electric 
equilibrium being V = Constant throughout all continuous con- 
ducting space, the condition should really be, when such conduct- 
ing space is composed of substances of different materials, 
V =1 Cl, F C^y C^y &c., in the regions occupied by these 
substances respectively; the values of the constants Ci, C^, C^, &c. 
being dependent upon the nature of the substances, and the 
electric distribution in the field ; subject only to this restriction, 
that in every case of electrostatic equilibrium of a compound 
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conductor the difference of the constant potentials of any 

two given substances should always be the same at the same 
temperature. 

220. ] For instance, if a zinc wire and a copper wire were held 
by insulating supports, and brought into contact at one end of each, 
the potential of each wire would be the same throughout, but 
that of the zinc would exceed that of the copper by a quantity 
always the same for the same temperature. If platinum were 
substituted for copper a similar result would be observed, but the 
difference of potentials (the temperature being the same as before) 
would be less. If platinum and copper were similarly connected, 
the platinum would stand at the higher potential, and the con- 
stancy of temperature being still maintained, it would be found 
that the excess of potential of zinc over copper in the first ense, 
supposed above, was equal to the sum of the excesses of tlie 
potentials of zinc over platinum and platinum over copper in the 
two last cases. This difference of potentials is generally called 
the electromotive contact forces of the two metals, and is for 
metals A and B denoted by A/B, 

It is considered as positive if the metal of higher contact 
potential is placed before the line and negative if the reverse, so 
that A/B + B/A = 0, and if there were three metals A^ and C 
whose electromotive contact forces at any temperature were 
A/B for A and B and B/C for B and then the electromotive 
contact force for A and C at the same temperature would be 
A/B -f B/C ; or in other words, for the same temperature we have 
the equations 

A/B +BIC = A/0, 

and A/B^B/C-\-C/Az=zO, 

If the metal A in contact with B at any temperature stand at 
a higher potential than B, it is said to be electropositive with 
regard to B, and B to be electronegative with regard to A. 

221. ] Volta with his followers regarded all metals as having 
certain specific affinitiesrfor the ]iositivc fluid, so that in cases of 
contact the electropositive metal of ^tho pair becomes charged 
positively with reference to the other metal. A similar effect is 
on this view supposed to attend the contact of all conducting 

^OL. I. q 
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bodies, whether metallic or non-mctallie, solid or liquid, in the alienee 
of chemical action. In the case of composite liquid conductors 
chemical decomposition ensues on eontact, and the electromotive 
contact force is on such decomposition diminished, or reduced to 
Eero ; the contact difference of potentials being, on this view, 
dependent upon the absence of chemical action. 

According to the views entertained by other physicists, the 
difference of potential at contact is dependent upon the medium 
in which the touching bodies are situated, and is in all cases the 
result of chemical action in that medium. The latter hypothesis 
is to a certain extent at least borne out by experiment* and the 
subject cannot be regarded as being yet thoroughly decided. 
Meanwhile we may, without waiting for a solution of the diffi- 
culty, develop the laws of this electromotive force of contact, so 
far as they have been experimentally determined. 

222.] Ohm’s law as originally enunciated contemplates a wire of 
homogeneous substance throughout. The laws of current intensity 
and of evolution of heat in the case of wires in series require 
modification when these wires are not of the same materials : 

Vi A m Ji V. 

34 - 

For example, let there be two wires of metals A and B touch- 
ing at 7n. Let the potentials of A at the free end and at m be 

and 7^, and let those of B at the corresponding points be 
7.2 and 7^. Let and be the, resistances of the A and B wires 
respectively, and let i be the current intensity. Then by Ohm’s 
law 

.• _ y-ya_ n- v,_v,-r, + r,- r.,_r-r,+niA 
X " lii. ~ ii 

if be greater than and if B be total resistance as 

♦ See a Paper by Exner, Pldl, Nag. vol. x.»p. 280 , and works there cited. 
A third view, suggested by Professor Oliver J. Lodge, is that each metal in the 
absence of contact with another inetal is at lower potential than the surrounding 
air by an amount depending on the heat developed in its oxidation, that on contact 
the potentials of the two metals become equal, the more oxidisable metal re- 
ceiving a positive and the other a negative charge. 
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previously defined, the term B/A being, as above explained, 
positive or negative according as B is electropositive or electro- 
negative with regard to A, 

If there had been any number of wires of metals A^, 

&c., the equation would have been 

»_ 

So that Ohm’s law might still be enunciated for such an arrange- 
ment, provided the external electromotive force — were 
increased by the electromotive contact forces at the respective 
junctions, regard being paid to the signs of these forces, and the 
resistance being the sum of the resistances in the respective 
wires. 

223.] In the multiple arc arrangement with initial and final 
wires of metals A and J?, and connecting wires of metals , 

&c., if i be the current intensity in A or 5, and that in the 
wire with resistance and the potentials of A and 7i, 

and and V' of at the junctions, wc have 



_ Vi + QUrl A — V^—mrl B _ Vi-V^+mr/A-^B/mr 

Rr Rr" 

Rr 

and therefore 

So that in this case also tjie same expression results as in the 
homogeneous multiple arc already investigated, provided the 
external electromotive force be increased by B/A. 

224.] The expression for the energy dissipated in the case of 
wires in scries also requires to be modificck when the wires are 
not of the same metal throughout. 

If as in the last artioie there be two wires of metals A and B, 
and the notation of that article be rqjbained, wc have 

The total loss of electric energy per unit time as the current 
passes from the free extremity of A to that of i? = — 
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Therefore the whole heat generated must be 


J 


But by the equation above obtained 

V^-V^ = Ri-BIA. 
Therefore the heat generated is 


that is to say, if B/A be positive the heat generated in the com- 
pound wire of resistance B by the passage of the current of 

intensity i is less than -j - , or what it would have been had the 
wire been homogeneous, by the quantity and is greater 

Hji I 

than -j- by — if A/B be positive: that is to say, when 

J V 


a current in passing through a circuit of heterogeneous metal 
wires traverses a junction from an electronegative to an electro- 
positive metal there is absorption of heat at the junction, and on 
the contrary, there is evolution of heat in the passage from an 
electropositive to an electronegative metal. 

225.] This absorption and evolution of heat at metal junctions 
was first observed by Peltier, and the phenomenon is called after his 
name ; it is physically analogous to the absorption and evolution 
of heat accompanying chemical dissociation and combination 
respectively, the electricity at the junction being raised to a 
higher, or sinking to a lower potential in the respective cases, 
just as the chemical potential of the dissociated or combined 
elements is raised or depressed. The actual amount of heating 
or cooling as experimentally observed is always less than the 
theory requires, and in some cases is of the opposite sign; 
indicating, apparently, that the whole electromotive contact 
force of Volta is nut to be sought in the mere metallic contact, 
but in the action of the surrounding medium. 



CHAPTER XIII. 

OF TOLTAIC AND THERMOELECTEIC CURRENTS. 

Article 326.] Ip any number of wires of diiTcrent metals 
ATi, jJfjji joined together in series, and are kept at the 

Afi Afj Af, Ml 

Fig- 35- 

same temperature throughout, the wire of metal 31^ beginning 
and ending the series, it follows from the laws of contact action 
above stated that each wire is at the sjime potential throughout 
its length, and that the beginning and ending J/j wires are also 
at the same potentials, inasmuch as the sum of the electromotive 
contact forces Jlfj/il/j-f J/ 2 /J 4 + J/g/d/j is zero ; hence if a circuit 
be formed by joining the free ends of the J/j wires no current 
will ensue. If however we substitute for the 31^ wire a eom])osite 
liquid conductor L, and thus complete the circuit, the electro- 
motive contact forces iz/JSfg and L/M-^ are modified, the liquid L 
being at the same time decomposed. 

According to the extreme views of the Volta contact theory, 
the last-mentioned electromotive forces disappear with the de- 
composition, the liquid L and the metals and 3f.^ at their 
points of immersion in that liquid are reduced to the same 
potential, the electromotive contact forces 3IJ3L^, &c. of the 
metallic junctions are no longer compcnsiitcd by the forces 
and and a current ensues through the wires and liquid. 

Suppose, for instance, the liquid be dilute sulphuric acid and 
the metals be plates of zinc and copper paytially immersed and 
having their unimmersed cuds attached to platinum wires, so long 
as these platinum wire| are not united to each other, the zinc, 
the copper, and the liquid stand, according to this theory, at the 
same potential {V suppose), but the platinum wires attached to 
the zinc and copper plates are at the potentials T—ZjP and 
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respectively. If now the platinum wires be united, 
electric equilibrium can no longer be maintained, inasmuch as 
the two portions of the same platinum wire are now at poten- 
tials differing from each other by Z/P-^P/C or Z/C. Hence a 
flow of electricity must take place through the platinum wire 
from the copper to the zinc plate, raising the potential of the 
zinc and depressing that of the copper. 

The inequality of the potentials thus produced in these im- 
mersed plates is again destroyed by the action of the liquid, 
which is at the same time decomposed, oxide of zinc being 
formed at the zinc plate, which is dissolved as soon as formed, 
and hydrogen being given off at the copper plate, and thus a 
permanent current ensues in the closed circuit of copper, plati- 
num, zinc, liquid, copper, and in the direction indicated by the 
order of these words. Such an arrangement is called a Voltaic 
current, the vessel containing the liquid and plates is called a 
Voltaic cell, the decomposable liquid is called an electrolyte, and 
its decomposition on the passage of the current is called electro-- 
lym. The intermediate platinum wire is in no respect essential 
to the process, which would have equally taken place if the 
copper and zinc plates had been in immediate external contact 
with each other. 

227.] According to the theory of the Voltaic circuit, above 
explained in outline, the potential rises discontinuously at the 
metallic junction or junctions outside the cell, and falls continu- 
ously throughout the rest of the circuit ; the whole electromotive 
force of the current is sought for in the contact force at the 
junctions, the function of the chemical action in the cell being 
limited to the continued equalisation of potentials within the 
cell as fast as the equality is destroyed by the electric flow. 
According to the chemical theory of the circuit, which is now 
more generally acc^ted, a discontinuous change of potential 
takes place at the junctions between the metals and the liquid, 
those being the points at which, as we shall see presently, 
energy for the maintenance of the current is in fact evolved or 
absorbed. The true theor^ of the cell is not finally settled, 
only it is known that the chemical decomposition is an essential 
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part of the phenomenon. It is possible however to develop certain 
fundamental laws of the action, which are essentially the same 
whatever be the metals constituting^ the plates, and whatever be 
the liquid in the cell, provided it be capable of electrolysis. 

228. ] The plates by which the current enters and leaves the cell 
are called elecirodes^ that by which it enters is called the anode^ 
and that by which it leaves is called the cathode^ the two elements 
into which the electrolyte is decomposed are called the ions, the 
element appearing at the anode is called the ajiion, and that 
appearing at the cathode is called the cation. 

Let the metal electrodes be called P and N respectively, and 
the two constituents, or ions, into which the liquid is resolved 
be called tt and v respectively. On the passage of the current 
the ion tt will appear at the electrode N, and the ion v at the 
electrode P. Then it is found that — • 

(t) The ratio of the masses in which the two constituents tt 
and V a])pear at the electrodes is that of their combining weights. 

{%) iHiQ absolute mass of each ion so deposited per unit of 
time is proportional to the strength of the current, or in other 
words, for each unit of positive electricity transmitted a certain 
mass of each ion is deposited at the corresponding electrode. 
This is called t/ie electrochemical eqtiivalent of that ion. 

( 3 ) So long as the electrolyte is the same, the ions into which 
it is decomposed are the same, whatever the metals constituting 
the electrodes ; and the same ions appear at the anode and 
cathode respectively. One or both of the ions may be com- 
pounds, and the same constituent which in one electrolyte becomes 
an anion, may in another electrolyte become a cation. 

( 4 ) The source whence the energy, requisite for the maintenance 
of the current, is derived, is the arrangement of the elements of 
the electrolyte and the immersed plates in a combination of 
lower chemical potential energy than that which existed anterior 
to the current, 

229. ] The action of the typical cell described above of zinc 
and copper plates in diluted sulphuric acid may be supposed to 
be as follows. The chemical arrangement before the circuit was 
completed was Zn I/^SO^ ... II^SO^ . Cu; 
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and during the existence of the current it is 
Zn SO^y ... H^Cu. 

The zinc first combines with the oxygen of the water (//j 0), 
and tlie zinc oxide is then replaced by the zinc sulphate 
Zn which being soluble leaves the zinc plate free for further 
action. The potential chemical energy of Zn SO^ is less than 
that of //jjO, or, as more practically expressed, the heat evolved 
by the combinations Zn 0 and ZnOySO^ is greater than that 
required for the decomposition of ILfiy the difference furnishing 
the current energy. 

230.] A feeble current might have been obtained with water 
only in the cell, the chemical arrangements before and after 
the completion of the circuit being 

Znl^O ,..lL,OCuy 
and ZnO JI^Gu 

resjjectivcly. 

But in this case, since the oxide Zn 0 is insoluble in water, 
the zinc plate would soon, by its oxidation, become unfit for 
action, and the current would cease. We may however use this 
ideal case, as an example. 

In this case the ions -n and v arc 0 and respectively. Taking 
unity as the combining number for hydrogen, that of oxygen 
is 8, and that of zinc is 32«53. Therefore one gramme of zinc 

takes in combination with oxygen the place of ~ ~ grammes 

32*53 

g 

of hydrogen, each combining with or *246 gramme of 

o2*oo 

oxygen. The heat evolved by the cpmbination of one gramme 
of zinc with the oxygen is 1310 units *.• The heat whicli would 

be evolved on the combination of -- - gramme of hydrogen 

O a'Oo 

with the oxygen, and which is therefore absorbed on their dis- 
sociation, is lOGO units. Therefore for every gramme of zinc 

* The object in this and the two following articles being illustration only, the 
absolute numerical values are of less itti{K)rtance. The system of units and the 
numerical values are those employed in Hospitalier's FormuUiire pratique de 
VElectficien, English Edition, p. 214. 
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oxidised the excess of heat evolved over that absorbed is 
(1310 — 1060) units; that is, 250 units. 

Again, for every unit of current *00034 gramme of zinc is 
oxidised. In other words, *00034 is the electrochemical equiva- 
lent of zinc. Therefore for every unit of current the excess of 
heat evolved over thp,t absorbed is *00034 x 250. And this is 
equivalent to an amount of mechanical work 

j 34 X 250 
^ 100000 ’ 

where J is Joule’s factor. 

Now if i^’be the electromotive force of the cell, i the current, 
the amount of heat evolved is F L And therefore the amount 
of heat evolved by unit current is F. That is, 


F=Jx 


34x250 
100000 ’ 


231. ] It is usual, as above said, to employ instead of water 
dilute sulphuric acid, the formula for which is Jl^OSO.^. In 
this case we may suppose that the 0 is decomposed, and in 
the first place oxide of zinc, ZfiO, is formed, and the hydrogen 
//jj is set free. Then the Zn 0 combines with the SO 3 , forming 
Zu, SO 4 . The heat evolved by this last-mentioned combination 
must be added to the 250 units above mentioned. 

One gramme of zinc combines with *246 of a gramme of 
oxygon //gO being decomposed with the evolution of 250 units 
of heat. And 1*246 grammes of oxide of zinc combine with SO.^ 
wdth the evolution of 360 units. Adding together 360 and 250, 
we obtain 610 units as the total heat evolved. 

232. ] In the cell known* as Danieirs cell the electrodes are 
zinc and copper, but there are two liquid electrolytes, one of 
them saturated solution of sulphate of copper in contact with 
the copper, and the other dilute sulphuric acid in contact with 
the zinc, the mixing of the liquids being prevented by a porous 
diaphragm which does^not interfere with the electrolytic con- 
duction, that is to say, the liberated ions pass through the 
diaphragm but the liquids do not. * The following may be sup- 
posed to be the action of such a cell. 
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The electrolysis of the in contact with the zinc gives 

rise to a chemical action identical with that of the last case^ but 
the hydrogen IL^ does not as in that case remain free. It passes 
through the diaphragm and displaces an equivalent of copper in 
the sulphate of copper Cu SO 4 , giving as a result and 

depositing the copper on the copper plate. 

In estimating the electromotive force of this battery the disso- 
ciation and combination of the water 0 counteract each other, 
and the resulting force is the difference between the heat of 
combination of zinc with SO^ and that of copper with the same 
element. 

The heat of combination ZnSO^ we have already found to be 
1G70 units, being the sum of Zn,0 (1310 units) and ZO,SO.^ 
(3G0 units), and the heat of combination CuSO^ is 881 units. 
The difference, i. e. the thermal measure of the chemical action, 
is 789 units. The product of this 789 by electro- 

chemical equivalent of zinc, gives the thermal measure of the 
chemical action for each unit of electricity transmitted, and this 
result again, multiplied by Joule’s factor, gives the electromotive 
force of a Daniell’s cell in the ordinary mechanical units. 

233. ] The electromotive force of a cell in which unit work 
in centimetre-gramme-second measure is done for each unit of 
electricity transmitted is taken for the unit of electromotive force. 
It is called a Volt, A Daniell’s cell gives in practice about 1-079 
Volts. The unit resistance is an Ohm^ and may be defined to be 
48-5 metres of copper wire of one millimetre thickness. The 
unit current is called an Ampere^ and is the current generated by 
an electromotive force of one Volt i^ a conductor whose resistance 
is one Ohm. 

234. ] The electromotive force of a cell may be expressed in 
general terms as follows. See Fleeming Jenkin’s Eleclricify, 

Let the effect of the unit current be to decompose a constituent 
into c grammes of one ion ir, and c' grammes of the other ion i\ 
Then e and t are the electrochemical equivalents of the two 
substances of tt and v. 

Let 6 be the quantity of Beat absorbed in the combination of 
unit mass of tt with the corresponding mass of y, and let ff be 
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the heat absorbed in the same combination for unit mass of v. 
Then ^ e = 6^ is the heat evolved in the circuit for every unit 

of current. 

And in mechanical units Jde is the electromotive force of the 
cell. If the chemical action be more complex, as in the case of 
the Daniell’s cell, it still remains true that the heat evolved is 
proportional to e or e', and B is to be found as the algebraic sum 
of the heat evolved and absorbed by all the chemical changes 
from which the ions result. 

235. ] By increasing the dimensions of the cell we do not in- 
crease the electromotive force of the circuit, but we diminish the 
resistance within the cell, and we therefore increase the intensity of 
the current, especially in cases where the external portion of the 
circuit is of a small resistance, and where therefore the resistance 
of the cell becomes appreciable ; and the same result follows when 
several cells act together, the zinc plates being severally con- 
nected, and likewise the copper plates, for this arrangement is 
in its electrical effects the same as if all the zinc and all the 
copper plates were severally combined into one zinc and one 
copper plate with areas respectively equal to the aggregate areas 
of the zinc and copper plates in the separate cells. 

If however the zinc of one cell be united with the copper of 
the next, and so on in order, the cells are said to be in series^ the 
electromotive force is the sum of the separate electromotive forces 
of the separate cells, and the arrangement is called a voltaic or 
galvanic battery. 

If the discontinuous rise of potential in case of a circuit 
formed of a single cell be i?, .thcn in ease of a circuit formed of 
two or more cells in series it will be repeated as many times as 
there are cells. According to the Volta theory, this rise of 
potential takes place at the junction between the copper of the 
first cell and the zinc of the second, and so^on. 

According to the chemical theory the change takes place in 
each cell between the gietals and the liquid — according to either 
view the electromotive force of n cells in series is n times that 
of a single cell. 

236. ] If we have a number of cells of different kinds connected 
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in series, the electromotive force of the series will be the algebraic 
sum of the electromotive forces of the separate cells. 

We might for instance place a single Danieirs cell between 
two more powerful batteries, connecting the zinc plate of the 
single cell with the terminal zinc plate of one battery, and the 
copper plate of the single cell with the terminal copper plate of 
another battery. Then in calculating the electromotive force of 
the system, we must take that of the single cell as negative. 

In that case the current is forced through the single cell 
against its own electromotive force. 

237. ] A cell in which no chemical actions can take place on the 
passage of the current, evolving more heat than is absorbed, cannot 
maintain a current. But it may be possible by connecting its poles 
with another battery to force a current through it ; and this current 
may have the effect of decomposing the liquid of the first cell, 
work being done in it by the external battery against the chemical 
forces of the cell itself. Such a cell is called an electrolytic cell, 

238. ] Cases exist in which the ions formed in an electrolytic cell 
do not escape, but enter into new combinations within the cell. 
Such new combinations, since work has been done against the 
chemical forces in forming them, are of higher chemical potential 
than the original combinations which they replace. 

They may be capable of decomposition and restoration to their 
original condition under the influence of a reverse electric current, 
in which ca.se heat will be evolved, and the cell in its new state 
wall be a Voltaic cell capable of maintaining a current. Such a 
cell is called a secondary cell, or an accumulator, because the 
work done in producing the first .chemical changes, or as it is 
called charging the cell, is stored up in it, and may be made 
available, as required, to maintain an electric current. 

Such is in its essential features the theory of the Plante battery 
and other allied fornjp, in which, when charged, one plate is of 
lead and the other consists of peroxide of lead, and the liquid 
used is generally dilute sulphuric acid. IJJie cell when so charged 
maintains a current from lead to peroxide through the liquid, 
and from peroxide to lead outside, the chemical change being the 
conversion of the peroxide into protoxide of lead. Then by forcing 
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a current through the cell in the reverse direction the protoxide 
is again convevted into peroxide. 

239. ] Clausius has suggested a theory of electrolysis, supposing 
that the molecules of all bodies are in a state of constant agitation ; 
that in solid bodies' each molecule never passes beyond a certain 
distance from its mean position ; but that in fluids a molecule, 
after moving a certain distance from its original position, is just 
as likely to move further from it as to move back again. Hence 
the molecules of a fluid apparently at rest are continually 
changing their positions, and passing irregularly from one part 
of the fluid to another. In a compound fluid he supposes that 
not only the compound molecules move about in this way, but 
that in the collisions that occur between the compound molecules, 
the molecules, or rather submolccules of which they are composed, 
are often separated and change partners, so that the same 
individual submolecule is at one time associated with one sub- 
molecule of the opposite kind, and at another time with another. 
This process Clausius supposes to go on in the liquid at all times, 
but when an electromotive force acts on the liquid thp motions of 
the submolecules, which before were indifierently in all directions, 
are now influenced by the electromotive force, so that the 
positively charged submolecules have a greater tendency towards 
the cathode than towards the anode, and the negatively charged 
submolecules have a greater tendency to move in the opposite 
direction. Hence the submolccules of the cation will during 
their intervals of freedom struggle towards the cathode, but will 
be continually checked in their course by pairing for a time 
with submolecules of the anioi>, which are also struggling through 
the crowd but in the opposite direction. 

240. ] Whether this view of the process of electrolysis be or be 
not accepted as corresponding to a physical reality, it gives us 
a clear picture of the process, and is in accq^-dance with the prin- 
cipal known facts. By means of certain assurax)tions more or 
less plausible we may qj^tend the hypothesis to the explanation of 
the process of electrical conduction, at any rate through a liquid, 
as to do this it is only necessary to suppose that each submolecule 
when acting as an ion is charged with a definite amount of elec- 
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tricity, in accordance with the statement made above that the 
amount of electricity transferred during electrolysis is the same 
for the same number of liberated ions, the charge of the cation 
being positive and that of the anion negative, by which conception 
the conduction current becomes assimilated to a convection current, 
or, perhaps more correctly, to the transfer of motion along a row 
of equal and perfectly elastic balls in contact. Many difficulties 
present themselves in the way of this hypothesis, as for instance the 
fact that certain ions are anions in some electrolytes and cations 
in others. We do not stop to consider these diffieulties in detail, 
because the whole hypothesis, while useful in furnishing a mental 
picture of these processes, is not essential to the enunciation 
and mathematical development of the laws by which they are 
regulated. 

241.] In practice, Voltaic cells, especially single fluid colls, are 
liable to certain defects, the chief of these being irregularity of 
electromotive force arising from the accumulation of the ions at the 
electrodes, thereby causing what is termed electrolytic polarisation, 
or an electromotive force opposed to the current. That such an 
accumulation of the ions would engender this opposing force is 
obvious, at any rate on the hypothesis of Clausius, because, having 
parted with their electric charges at their respective electrodes, 
there is no longer any action tending to keep them in this 
position, and they necessarily tend to recombine. This op- 
posing or negative electromotive force is not so obvious in its 
eflects in a Voltaic cell, because in such a cell there is at all 
times a preponderating positive force, but it may be clearly 
exhibited in an electrolytic or resisting cell. If the electrodes of 
such a cell be platinum plates and the qontained liquid be water, 
then so long as the current is maintained oxygen is given off at 
the anode and hydrogen at the cathode. If the current be 
suspended and the platinum plates externally connected by a wire, 
a current will pass through this wire in the reverse direction, 
that is to say from the anode to the cathode, and the liberated 
gases in the cell will recombine. 

The special defect arising'^from polarisation is the irregularity 
of current which it produces. If the current be suspended for 
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any experimental purpose and then again renewed, it will start 
with greater intensity than is ultimately maintained. 

ty Thermoelectric Circuits, 

242. ] If a circuit be formed of wires of two or more metals 
at the same temperature, the contact differences of potential are 
consistent with each wire being at uniform potential throughout 
its length, and therefore produce no current. 

But the contact difference of potential is a function of the 
temperature at the point of contact. If therefore the junctions 
be at unequal temperatures, it is not generally possible that each 
wire should have constant potential throughout its length. We 
therefore expect that a current will ensue. 

243. ] It has been shown by Magnus that in an unequally 
heated complete circuit of a single metal no current is produced 
by the inequality of temperature. 

On the other hand. Sir W, Thomson has shown that generally 
there is an electromotive force from the hot to the cold parts of 
the same metal, or from cold to hot, according to the metal and 
the temperature, but that in a complete circuit the total electro- 
motive force is zero. As in order to prevent a current from 
flowing from copper to zinc in contact, it is necessary that the 
potential of the zinc should exceed that of the copper by the 
quantity Z/G \ so in order to prevent a current from flowing from 
an element of the zinc at temperature t-\-(lt to an adjoining 
element at temperature it is necessary tliat the potential of the 
second element should exceed that of the first by a certain 
quantity frdt^ or, if the potential be constant, there is an electro- 
motive force adl. This quantity o* is for any given metal a 
function of the temperature, and may be i)Ositive or negative, 
but has generally different values for different metals. It was 
originally called by Thomson the specific h^t of electricity for the 
metal in question. According to this law, if and 7'\ be the 
potentials at the endg of a wire unequally heated, the electro- 
motive force in it is 

Since a is for any given metal a function of the temperature 


V,-r,+£<rdl. 
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alone^ it is evident that for any closed circuit of one metal, 
however the temperature vary, jerdt =:: 0^ or there is no electro- 
motive force, which agrees with the law of Magnus. This 
difference of potential, due to difference of temperature, is fre- 
quently called ‘ the Thomson effect,’ and or the coefficient of the 
Thomson effect. 

Professor Tait has shown experimentally that throughout 
ordinary temperatures, and probably at all temperatures, cr is 
proportional to the absolute temperature. It is positive for 
some metals, negative for others, and is nearly zero for lead. 

It follows from the above statements that in a circuit of two 
metals with unequally heated junctions we have to consider two 
causes, each of which may produce a current, viz. the unequal 
contact differences of potential at the junctions, and the electro- 
motive force due to variations of temperature in the same metal. 

244.] It is found that in general an electric current flows 
round the circuit, accompanied with equalisation of the unequal 
temperatures unless these bo artificially maintained. If JZ be 
the resistance of the circuit, i the current, the electromotive force 
is Bi, Such a circuit is called a iTiermoelcdnc circuity or thermo- 
electric covple. The electromotive force is found to obey the 
following experimental laws. 

I. If the temperatures of the junctions be and and if 

be the electromotive force when A and B are the two 
metals, and when B and C arc the two metals, then 

A%B+B%C==A%a 

This was proved by Becquerel. * • 

II. If a thermoelectric couple be formed with given metals A 
and 5, and if its electromotive force with junction temperatures 
p and f/ be A^/^B^ and with junction temperatures / and q be 
A^lg^B^ then the electromotive force of the couple when the 
junction temperatures are p and q will be 

that is, 5 +Ay,B. 

This also is due to Becquerel. 
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III. The direction of the current, that is whether it be from 
A to or from B to at the hot junction depends on the mean 
temperature of the junctions. 

When the mean temperature of the junctions for a given pair 
of metals is below a, certain temperature dependent upon these 
metals, the current sets in one direction through the hot junc- 
tion, and when the mean temperature is above T the current sets 
in the opposite direction, or the electromotive force is reversed. 
This was discovered by Seebeck. 

The temperature T is called the neutral temperalMre for the 
pair of metals employed. In an iron and copper couple this 
neutral temperature is, according to Sir W. Thomson, about 
280° C. When the mean temperature of the junctions is below 
this, the current sets from copper to iron through the hot 
junction, and when it is above this the current sets from iron to 
copper through that junction. 

IV. For any constant temperature of the cold junction, the 
electromotive force is the same when that of the hot junction 
is y+o?, as when it is T— a?, and is a maximum when it is T, 
This was established by Gaugain, and results from Tait’s ex- 
periments, It may be expressed thus : The electromotive force 
of the couple between temperatures t and t^ is proportional to 


245.] The following is a mathematical explanation of these 
phenomena : — 

If the difference of temperature between the two junctions be 
very small, as dt, the electromotive force of the couple must be 
proportional to it, and for the metals A and B may be denoted 
by where <1)^^ is for fhc given metals a function of the 

mean temperature of the junctions, and is taken as positive when 
the current sets from A to B at the hot junction. It is called 
the thermoelectric j)owcr of the two metals at Jtemperature t. 

It follows from II. that if the temperatures of the junctions 


be ^0 and h, where t^ — t^ is finite, the electromotive force is 
I which for the given metal^is a function of Iq and li. 

Again, if wo take any particular metal for a standard, and 
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denote it by the suffix e, it follows from I. that the electromotive 
force for the couple in which the metals are A and B, and the 
temperatures of the junctions and < 1 , is 


<0 U Iq 


</>6c 


If the reference to the standard be understood, we may call 
the thermoelectric power of the metal A, And in that case 
the thermoelectric power of the couple formed of the metals 
A and £ with junctions at temperatures and is 


Jtr, 


It is usual to take lead as the standard metal. 

The functions and may be positive or negative, and for 
the same metal may be positive at some temperatures and nega- 
tive at others. 

It is deduced from the experiments of Professor Tait that I'or 
each metal has a constant value independent of the tem- 
perature ; that is, <pa = where if is the absolute temper- 

ature, and a, J3 are constants for the same metal. 

Hence if fg and be the lower and upper temperatures of a 
circuit of metals A and A', 

<Pa^ = p{(a-a')t-(^-^)}de 

Also if T be the neutral temperature at which = 0, 

(a— a') T= 8— O'. 

and is proportional to 
as stated in IV. 

246.] Adopting a method originally suggested by Thomson, 
we may represent the therSioelectric powers of different metals 
at different temperatures by a diagram. Let the abscissa 
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2 ^ 6 .] 


represent absolute temperature, and for any given metal let the 
ordinate represent its thermoelectric power, that is, the thermo- 
eleetric power of a couple composed of that metal and lead, with 
the temperatures of the junctions infinitely near that denoted by 
the abscissa. 


It follows then from the constancy of -- that the locus of 0 


is a right line inclined to the axis of x at the angle tan"^ 


dj> 

~dr 


and that for any given abscissa, as that corresponding to 50® C., 
the difference between the ordinates of any two metals represents 
the thermoelectric power of a circuit of the two metals at that 
temperature. In the annexed diagram we see that for temper- 
atures below 50® C. lead is 
positive to iron and negative 
to copper ; from 50° to 284° C. 
copper is positive to iron and 
negative to lead ; from 284® to 
330® iron is positive to copper 
and negative to lead; above 
330° lead is positive to copper 
and negative to iron. Gene- 
rally, if for any two metals 
NM be the difference of the ordinates at temperature and 
il/'iV' at temperature and if be the neutral point, the ther- 
moelectric power of the couples 
with the junctions at t and t' is 
graphically represented by the 
area MEN--irEN\ whether 
irjN* be at temperature below 
or above E. 

So long as the lower temperature represented by MN is un- 
altered, the difference between MEN and UpEN^ has its greatest 
value when the higher temperature is at E, the neutral point. 
It becomes zero when the mean temperature of the junctions 
is the neutral temperature. 

Further, if M'N' and be taken at equal distances from 
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E on either side of it, MEN^ M'EN'^ MEN--M''EN'\ These 
results agree with IV. 

247.] Next, let us consider a circuit of three metals AB, BC, 
and CA, the junction A being at temperature j? at temperature 

and Cat temperature ^ 3 . 

We may imagine three lead wires AEiE, and GD^A 

connecting the junctions, and forming 
C three distinct circuits. 

/j The electromotive force of the circuit 

// -45(7 is the sum of the electromotive 

// forces of the three circuits ABD^A^ 

^ BClX^By CAl).^Cy together with that 

pjg jg of the circuit composed of the three 

lead wires AB^ BJl, Cl).^ A. 

But, by the law of Magnus, the electromotive force of the 
latter circuit is zero. 

Hence the electromotive force of the circuit ABC is 


f + f <Phdt’\‘ f 

J J J (g 


In like manner we can express the electromotive force due to 
any circuit of different metals with unequally heated junctions, 

248.] We may suj)pose further a circuit composed of alternate 
wires of two metals only, A and B, and each alternate junction 
at the lower temperature and every other junction at the 
higher temperature /g* 

If there be u pairs, the total electromotive force of such a 
circuit is, by the last article. 


ft2 

n <l>ubdt, 
Jfi 


The pairs are said to be Joined in series. By this means the 
electromotive force of a thermoelectric couple can be miiitiplicd 
at pleasure. Such an arrangement is called a thermoelectric pile. 


Of the energy of the current in a TJlermoelectric Circuit, 

249.] Energy, as above ^hown, is necessary to maintain the 
current. In the case of thermoelectric circuits, now considered, 
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no energy is supplied from without, nor are there, so far as we 
know, any chemical actions between the metals, or between tliem 
and the surrounding medium, from which the requisite energy 
can be obtained. 

We infer that the energy required for maintenance of the 
current is supplied by the conversion of part of the heat of the 
metals into another form of energy, namely, that of the electric 
current. This might conceivably be employed to do external 
work. But if not, it will be reconverted into heat by the 
resistance of the circuit. 

As in the working of a heat engine, the entropy of the system 
must be diminished by the process, that is, there must be 
equalisation of temperature. 

It is found that at the neutral temperature for any two metals 
a current passing the junction has no heating or cooling effect. 
The Peltier effect changes sign at that point. 

But.' if a couple be formed with the hot junction at the 
neutral temperature, the cold junction is nevertheless heated, 
although the heat cannot be derived from the cooling of the hot 
junction. 

It is evident, therefore, that the current itself must have a 
heating or cooling effect. For instance, in an iron and copper 
circuit, with the hot junctions at the neutral temperature, either 
a current in iron from hot to cold must cool the iron, or a current 
in copper from cold to hot must cool the copper, or both these 
effects take place. And it may be inferred that the heat so 
gained or lost is compensated by a change in the potential of 
the current. It was this consideration that led Sir W. Thomson 
to the discovery of the electromotive force in unequally heated 
portions of the same metal. 

250 .] The method adopted by some writers (Mascart and 
Joubert, Legom sur r Elect ricite et le Magneiisme ; Briot, Thcorie 
Mecaniqne de la Chaleur) is as follows. It is assumed that the 
heat generated, as unit giirrent passes from potential to potential 
Tft, is always FJ,, whether the fall of potential be gradual as 
in a single metal, or abrupt as at t^e junction of two metals. 

That being the case, the electromotive force of a couple formed 
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of metals A and Ji whose hot and cold junctions are at and fQ 
respectively, must be 

where and //^ are the Volta contact differehces of potential at 
the junctions. 

When ^ 1— ^0 becomes infinitely small, this becomes 
, . . ^ dll 

that IS, <Puh — (it 


Further, if the current be infinitely small, we may regard such 
a circuit as a reversible Carnot cycle. Then, if S Q be the heat 
absorbed at temperature t, taken as negative when heat is 
evolved, 

I'or the entire cycle. 

When ^ 1 — /'o becomes infinitely small, this becomes 


11 , 

h 


^^0 

^0 




or 


d /II\ (T 



And the contact difference between two metals is zero at their 
neutral temperature. • , 

251.] Wc are now in a position to treat a more general case 
of a system of linear conductors than that considered in Art. 215, 
in which the wires were supposed to be all of the same metal 
and at the same temperature. In that case, the potential of all 
the wires which meet in any electrode as P is the same at the 
common extremity P, and may be designated, in the case of each 
wire, by the common symb^J Fp, When the wires are not of 
the same metal, we may suppose that instead of being in 
immediate contact with each other at the electrode P, each is 
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in contact with a small wire or disk of some standard metal at 
that point. If Vp were the potential of this connecting metal 
at P, then the potential of any other wire as PA of metal (<i), 
suppose, at the extremity? would be P^p+xiaQ, where x{atp) 
represents the contact electromotive force from the metal {a) to 
the standard metal at temperature fp', similarly if were the 
potential of the connecting metal at the electrode Q, where the 
temperature is the potential at the extremity Q of the wire 
PQ would be P,+x('*0‘ estimating the currents therefore 
in terms of the potentials we may regard the potentials of the 
common extremities of all wires at any electrode as equal 
provided we increase the electromotive force in any \j(ire as PA 
by the quantity 

XK)“XK)- 

The Thomson effect treated of in Art. 243 will produce a 


similar increase of electromotive force of the form 
which may be expressed in the form 



If therefore P,, be the electromotive force arising from a 
liattcry, if any, in the course of the wire PQ, the expression for 
the current in that wire will be 


{ X K) - X («<j) + i' («<«) - ^ K) 
and similarly for each of the remaining wires. 

Of course the wire PQ may itself be composed of dissimilar 
metals, or may consist of two wires communicating with the 
liquids of an interposed battery, in which cases the requisite 
corrections are obvious. 



CHAPTER XIV. 

POLARISATION OP THE DIELECTRIC. 

Article 252]. In tlie preceding chapters we have endeavoured 
to explain electrostatical phenomena by the method of Poisson 
and Green as the result of direct attraction and repulsion at a 
distance, according to the law of the inverse square between the 
positive aqfl negative electricities, or electric fluids. As explained 
at the outset, in Chaps. IV and V, we do not assert the actual 
existence of these fluids. We assert merely that the electro- 
statical relations between conductors arc ns they would be if the 
two fluids existed, and conductors and dielectrics had the properties 
attributed to them in those Chapters. 

Faraday and Maxwell made an important step in advance. 
They assume all non-conducting space to bo pervaded by a 
medium, and refer the force observed to exist at any point in 
the electric field, not to the direct action of distant bodies, but 
to the state of the medium itself at the point considered. 

Faraday was led by his experimental researches to believe in 
the existence of certain stresses in the dielectric medium in 
presence of electrified bodies. Maxwell shows that if the 
dielectric medium consist of molecules with equal and opposite 
charges of electricity on their opposite sides, or, as we expressed 
it in Chapters X and XI, polarised, ^hese stresses would in fact 
exist. See Maxwcll^s EkctricUy, Second Edition, Chap. V. 

There would be at every point in the medium a tension along 
the lines of force, combined with a pressure at right-angles to 
them, and by such .tensions and pressures all the observed 
phenomena may he accounted for without assuming the direct 
action of distant bodies on one another. «It is true, as Maxwell 
says, that some action must he supposed between neighbouring 
molecules, and that wo are no more able to account for that 
than for action between distant bodies. And if only electro- 
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statical phenomena were concerned, it would be perhaps of little 
importance whether we attributed them to direct action of distant 
bodies or to a medium, so long at least as the electric fluids and 
the medium were equally hypothetical, and had no other duties 
to perform than to' account for the phenomena in question. 

The advantage of Maxwell’s hypothesis is that it connects the 
phenomena of electricity and magnetism with those of light and 
radiant heat, both being referred to the vibrations of the same 
medium. There is, in fact, in the phenomena of light, inde- 
pendent evidence of the existence of Maxwell’s medium, whereas 
there is no independent evidence of the existence of the two 
fluids. The medium therefore has better title to be regarded 
as a vera causa than the two fluids have. 

No treatment of the subject can, in the present state of know- 
ledge, be more complete than Maxwell’s own in Chapters II and 
V of his work, and it is necessary to study those chapters in order 
properly to understand his views. The whole subject of statical 
electricity has also been treated very fully from Maxwell’s point 
of view in the article ‘Electricity’ in the Encyclopaedia Britan- 
nica, Ninth Edition, by Professor Chrystal. It may, however, 
be of some advantage to obtain the same results from a slightly 
different starting-point. 

253.] In Chap, XI we had occasion to treat of a particular case 
of a polarised medium, a medium, namely, in which are interspersed 
little conductors polarised under the influence of given forces. 
If the induced distribution on the surface of any conductor be 

denoted by </>, the quantity JJiC(l)dS, taken over all the con- 
ductors in unit of volume, was defined to be the polarisation in 
direction x per unit of volume. 

We will now adopt a rather more general definition of polari- 
sation. Let us conceive a region containing an infinite number 
of molecules, conductors or not, each containing within it, or on 
its surface, a quantity £>t positive, and an equal quantity of nega- 
tive, electricity. Let P be a pointy in that region, and about P 
let there be taken a unit of volume, containing a very great 
number of the molecules in question. Let us further suppose 
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that throughout this unit of volume the distribution of the 
molecules in space, as well as the distribution of electricity in 
individual molecules, may be regarded as constant, and the same 
as in the immediate neighbourhood of P. Let ^ dx ily dz be the 
quantity of electricity of the molecular distributions within the 


element of volume dxdydz. Then JJJ ^dxdydz throughout 
the unit of volume is zero; and we will define JJJx<l)dxdydz 


taken throughout the unit of volume to be the joolarmiion m 
dlreciion x at P. 


Let JJJ x(pdxdydz = 0*^^; 


and let have corresponding 


meanings for the axis of y and z. 

If a plane of unit area be drawn through P parallel to the 
plane oX yz^ it will intersect certain of the molecules. And the 
reasoning of Chap. XI (Art. 1 90) shews, that the quantity of 
electricity belonging to these intersected molecules which lies on 
the positive side of that unit of area is 0 * 3 .. Similarly if the 
plane were parallel to xz^ or xy^ the quantity of electricity of the 
intersected molecules on the positive side of the unit of area 
would be (Ty or in the respective cases. 

If the direction-cosines of the normal to the plane were w, 
the quantity of electricity of the intersected molecules lying on 
the positive side of the unit of area would bo 
For, by definition, the i^olarisation in the direction denoted by 


n is 


= JJJ 


that is, 


<r = ^ JJJx<l}dxdi/dz + m JJJ y^dxdydz + n JJJz<f>dxdydz ; 


that is, (T = Zo-aj+may + wo-g. 

Hence o-*, <Ty, and o-, are components ^of a sector. 

If the distribution be continuous, so that o-g., o-y, and do not 
change abruptly at the point considered, the same reasoning 
as employed in Chap. XI shews that the amount of the distri- 
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bution within the elementary parallelepiped dxdyAz is pdxdydz, 
where 

I dx dy dz\ 

Should the values of 0 * 3 ,, o-y, and change abruptly at the 
point ill question, there will be over the unit of area a super- 
ficial or quasi-supcrficial distribution cr*— (r'a-j where cr^ and cr'* 
are the values of <r^ on opposite sides of the plane, with similar 
expressions for the planes parallel to those of xz and xj/. 

Also, as wo have seen in Art. 190, the potential F, of such a 
polarised distribution at any point is determined by the 

equation ^ ^ JJJ pdxdydz'^ ^ 

where r is the distance of the point x, y, z from the superficial 
element dS, or the solid element (lx'd/dz\ as the case may be. 

Hence it appears that such a system of polarised molecules as 
we arc supposing gives rise to localised distributions with solid 
and superficial densities of determinate values throughout given 
regions and having the same potential at every point of the field 
as would result from such localised distributions. 

Conversely, if we had an electric field with given localised 
charges, we might substitute for it a system of polarised mole- 
cules in an infinite variety of ways, the physical properties of 
which, so far as we arc concerned with them, would be in all 
respects identical with those of the given localised charges. 

For if p and a were the densities, solid or superficial, at any 
point in the supposed system of given charges, and if the polar- 
isation and arrangement of the molecules were such that (o-jj, 
and (r„ being as above defined), 

do--* d(r„ d(r. \ 

or /(o-a;— or'j.) + m((ry— + (r'g) = (T. 

at each point of the field, then we should have the same density 
.at each point as is given by the localised charges, and the 
potential F at each i:oint Vould also be the same as in the case 
of the localised charges, being determined by the equation 

y — rr + fff ^ 


y> 


(A) 
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As tlic values of <ry, or, are subjected to only one equation of 
condition (A) those quantities may clearly be chosen in an infinite 
variety of ways. 

Among all the possible values of and <r, we shall con- 

sider only 

I dV 1 dV 1 dV 

4Tt dx " iv dy ' 4ir dz 

These relations will satisfy (A) identically, since by Chap. Ill 

dor d<r. 1 

- 4^ * ^ -P’ 

f dF dV dF 

tor all points where ^ continuously. 

And also 

I (<r;i-<r';) + m{(r^-<r\) + n{(T,-a\) 


_ 1 ...dV dv\ ^ ,dV dV\ , .dV dV' 

4lr ^ dx dx^'^”^^dy dy ^ ” ^dz "dz 

_ 1 _dV' 

4.TT ^dv dp ' 


= (T 

over surfaces of discontinuous values of these coefficients. 

It appears then that such a system of polarised molecules 
not only produces at all points in space the same potential 
as the system of volume and superficial distributions for which 
it was substituted, but also causes the distributions them- 
selves to reappear. It can be shewn also that the energy is 
the same in tlic two cases. For the polarised medium is in 
a state of constraint, because the separated electricities are not 
allowed to coalesce and neutralise 'each other. Work has been 
done upon it in producing this state. In ordinary experiments 
tlie constrained state of the dielectric is produced by the intro- 
duction of charged bodies, and the w^ork is the work done in 

* With the distribution of polarisation assumed in the text, if a small cylindrical 
region be described in the medium whose generating lines are parallel to the 
force at the point and infinitely smaller than tho*linea% dimensions of the bounding 
planes, the force at any point within the cylinder is that arising entirely from the 
polarisation of the molecules completely included within the cylinder, and the 
total force from all the rest of the molecules is zero. If the polarisation were 
magnetic, this result would be expressed by saying that the law of magnetisation 
is such that the maynctic induction at every point is zero. 
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charging them, but according to this theory the energy resides, 
not in the charged bodies, but in the dielectric. ^ 

The energy in unit volume of the polarised system is — 
see Chap. V, that is; 

The energy of the entire system estimated in the same way is 

sV/Zt's’’ O’ 0>1 *'*»* 

throughout the whole of dielectric space. 

But this is also the expression for the energy of the originally 
given system according to the ordinary theory, as shewn in Chap. 
X, The two systems are therefore for all purposes equivalent. 

Wo may conceive that the molecules of all diclcctries arc 
capable of assuming such polarisation as required for this hypo- 
thesis. If, as we have hitherto supposed, vacuum be a perfect 
dielectric, it becomes necessary for the hypothesis to conceive it 
as permeated by a non-material ether, the molecules of which 
are capable of such electric polarisation. And if the existence 
of such an ether be assumed, it may be that in case of other 
dielectrics, the electric polarisation resides in the ether rather 
than in the molecules of the substance. 


We may further suppose that the essential property of con- 
ductors, as distinguished from dielectric media or insulators, is 
that their molecules arc incapable of sustaining electric polarisa- 
tions, or that the substances of conductors are impermeable by 
the supposed ether, and therefore that no electric force and no 
free electricity can exist within them. 

Wc might thus construct a theory of electrostatics founded 
on the polarisation of the dielectric, just as the ordinary theory 
is founded on the property of conductors. 

In the ordinary theory the electromotive^ force at any point is 
the space differential of a function F, which is constant through- 
out any conductor, and satisfies the condition V^F-|-47rp = 0 at 
all points where there is free electricity of density p. Assuming 
that no case of electrostatic equiliBrium has yet been discovered, 
which can be proved to be inconsistent with the ordinary theory, 
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it follows that the supposed dielectric polarisation must, when 
there is equilibrium, be the space differential of a function F, 
which is constant over and within every closed surface bounding 
the dielectric, and satisfies V2r+4ir/} = 0*at all points in the 
dielectric. 

The Stresses in the Dielectric, 

254.] If any closed surface S separate one portion of an electri- 
fied system from the other portion as, for instance, if the whole 
of Bi be inside, and the whole of B 2 outside of S, then this hypo- 
thesis suggests an explanation of the phenomena without assuming 
any direct action between B^ and By, For if the polarisation 

dV 

be given in magnitude and direction at each point in -S', -j- is 

given at each point on S. Then wc know that if the form and 
charge of every conductor within S be given, and if all fixed 
electrification within 8 be given, V has single and determinate 
value at all points within S, 

It follows that all electrical phenomena within 5, which in the 
ordinary theory are due to the action of B,^, arc on tlie polarisa- 
tion hypothesis deducible from the given polarisation, that is the 
d 

given value of ^ ^^ch point on S, 

We might then always substitute for the external system B.^ 
a certain polarisation on 8, without affecting the equilibrium of 
By, An example of this substitution has already been given 
(Art. 58) for the case where 8 is an equipotential surface. For 

then a distribution over 8 whose density is — -- - exerts the same 

47r 

force as the external system at any, point within 8, 

If 8 be not equipotential wc obtain a corresponding result as 
follows*: — 

Let Vy be the potential of the external, that of the internal 
system, and r= Vy+^F^ the whole potential. 

The whole force in direction sg exerted by the external on the 
internri .yslem i. 

throughout the space within 

* This investigation is taken from MaxwelFs Treatise, Second Edition, Chap. V. 
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But JJJ ^ V» F, dxdydz = 0, 

and within S Fj = V® F. 

Hence the whole foice is 

The object is to express this in the form of a surface integral 
over S. 

If we can find three functions X, F, such that 


V®F = 


dX dY dZ 


then evidently, by Greenes theorem, 

ffP^VWdxdydz = JJ {LY+mY+n£)dS 

over the surface S. This is the required surface integral. 

Let us assume 

/dV 2 /d^F.2 Q 

/dF.2 /d’Fv2 /dFv2 Q 

<4> -<s> =*’»'"• 

idV.2 /dF.2 _ p ^ 

dVdV , 

<iy^y . 

Then ^ = 

F = Pxyt 

Z = ;?« 

satisfy the condition. 

The quantities Pyy^ &c. are the six components of the 
stress on the surface S duetto the polarisation of the dielectric. 

If S be an cquipotential surface, we have 

dV dF ^ dV „ 

dx dy dz 
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where i2 is the normal force, and iherdTore 




The iP-component of stress is then 
that is — 1. Similarly the y- and £f-components are 

OTT 


Sir 




Stt 


R^n. 


That i&j the stress is normal to S, and is equal to that of the 

force R acting on the surface electrified to a density ^ - • 

‘4 TT 

If S be at right angles to an equipotential surface, we And the 
stress in any element of it thus, in this case. 


jdV dV dr ^ 

I +m-j- +n-j- = 0 . 

dx dv dz 


0 ) 


Now 


Sir 


” ate d'z ' “ 


dV 


Multiplying (1) by 2 ^ and subtpicting from (2), we obtain 
Hence the components of tension per unit area are 

If therefore these stresses exist at everj* point of the surface S, 
no matter how they arise, thgy produce on the interior system 
Ri exactly the same effect as, according to the theory of action at 
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a distance, would be produced by tbe attraction and repulsions 
due to the external system 

255.] According to the theory of dielectric polarisation as 
explained in Art. the so-called charge on a conductor is to 
be regarded as the terminal polarisation of the dielectric; as 
belonging in fact not to the molecules of the conductor, but to 
the adjacent molecules of the dielectric. (Maxwell’s Electricity^ 
Art. 111.) 

So long as we are dealing with a system at rest and in statical 
equilibrium, it is indifferent for all purposes of calculation 
whether we regard the charge as belonging to the dielectric or 
to the conductor. 

It is however possible to induce in any conductor or other 
solid body the state which in the ordinary theory is called a 
charge of electricity ; and it is possible to move the body in 
this state from place to place through air without destroying 
its charge. It should seem therefore that although the electric 
force at any point in air may be due to the polarised state 
of the medium at the point, and not to direct action of the 
charged body, and although the polarised particles be always 
those of the dielectric, yet the ultimate cause of the phenomena 
may be in the body and not in the dielectric. And this 
appears to be Faraday’s view, where he says (1298), ‘Induction 
appears to consist in a certain polarised state of the particles 
into which they are thrown by the ‘ electrified body sustaining the 
action! 

Certain experiments have been appealed to as shewing that 
the electrification, whatever it be, is in the dielectric and not 
in the conductor. If, for instance, a plate of glass be placed 
between and touching two oppositely charged metallic plates, 
and these be then removed, it will be found that they exhibit 
scarcely any trace of electrification. If they be replaced and 
connected by a wire, a current passes of tlie same or nearly the 
same strength as if no removal had taken place. See Jamin, 
Cours de Physique^ Lejon 

A similar result was obtained bf Franklin with a Leyden jar, 
the metallic coatings of which were moveable. 

VOL. I. s 
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maxwell’s displacement theory. [256. 

• 

256. ] Up to this point we have not dispensed with the two- 
iliiid theory and the law of the inverse square in electric action, 
because it is only by the use of that theory that we have proved 
the properties of our medium. All that we have done is to 
introduce a somewhat different conception of an electric field, 
and the distributions of which it is composed. 

If any advance is to be made, it must be in the*steps of 
Faraday and Maxwell as follows : — 

We observe that in the polarised medium the relation between 
the force at any point and the polarisation at the point is given 
by the equations Z = — 4:ir(r^, &c. 

These equations are of the same form as those which express 
the relation between the force existing at any point in an clastic 
body in ^uilibrium and the molecular displacement at the 
point. 

In treating of elastic bodies we regard these relations ns ulti- 
mate facts based on experiment. We might then regard the 
corresponding equations for the dielectric as ultimate facts, 
without resorting to the two fluid theory for their exj)lanation. 
We might regard the dielectric as an elastic medium capable of 
being thrown into a state of strain, and presenting when in 
that state the phenomena which we call electric force and electric 
distribution. 

257. ] According to the theory in this form, no action is 
exerted by the electricity in any part of the dielectric on that 
in any other part, unless the two are contiguous. We might 
thus dispense with the notion of action at a distance, on 
which the ordinary theory is foupded. Another characteristic 
of the ordinary theory is the instantaneous nature of the 
actions with which it deals. For, according to that theory, 
if any change take place in electrical distributions in any one 
part of space, the corresponding change takes place at the 
same instant in every other part however distant. The sub- 
stitution of the medium for the direct action between distant 
bodies, suggests that these corres]:K)n5ing Electrical changes may 
not take place at the same iastant, but that electrical influence 
may be propagated from molecule to molecule through the 
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medium with a certain velocity. And herein lies the strength 
of the theory. For, as Maxwell discovered, if electrical effects 
are propagated with finite velocity through an insulating 
medium, such velocity is the same as that of light, or so nearly 
the same as to leave no room for doubt that the two classes of 
phenomena are physically connected. 

Agairf, an clastic medium, if thrown by any forces into a 
state of strain, does not on removal of those forces immediately 
recover its original condition. There is a time of relaxation. 
Certain phenomena, such as the residual charge of a Leyden jar 
(sec Maxwell’s Electricif?/, Chap. X), lend countenance to the 
supposition that a dielectric medium influenced by electric forces 
does not immediately, on the removal of those forces, recover its 
original condition. 

258.] We proceed to consider the meaning of the term electric 
displacement as used by Maxwell, for which purpose vve must 
revert to the conception of the two-fluid theory. 

If through any point in the medium of polarised particles 
a plane be drawn perpendicular to the direction of the re- 
sultant force R at that point, the density o-, per unit area of 
that plane, of the electricity on the particles intersected by that 
plane and on the positive side of it according to iS’s direction is, 
as we have seen, determined by the equation 

R 


In Maxwell’s view, any field of electromotive force in the dielec- 
tric is accompanied by a strained state of the particles of the 
dielectric or of the pervafling ether, a displacement or transfer 

of positive electricity equal to ^ per unit area of surface of the 

particles taking place from each particle to the adjacent particle 
on the positive side, along with an equal displacement of negative 
electricity to the adjacent particle on the negative side. The 
+ or — electricities do not coalesce or neutralise each other 
within each particle, but a polai^ed state is set up throughout 
the field, each particle being in a strained state owing to the 
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separations of the electricities within it, the result being graphic- 
ally represented thus, 



Fig. 39- 


the shaded sides of the particles jB, C, &c. indicating positive, 
and the unshaded sides negative, electrification. According to 
this view the disj)lacement is the process by which the polarised 
state of the particles has been brought about. We shall gene- 
rally denote the polarisation by or, and the displacement by/. 
It is easily seen that in a dielectric medium / = — o-. 

269 .] If the field were one of uniform force parallel to a line from 

left to right across the plane of the 
paper, the total displacement or 
transfer of electricity across all 
planes perpendicular to that lino 
would be the same and equal to 
JR 

0 _ per unit of area. 

47r 

If the field were such as corre- 
sponds to what is called an elec- 
trified point 0 , i.e. a charge within 
‘ a very small volume about 0 , the 
particles would be polarised as in 
the figure, the displacement (sup- 
posing no other charge in the field) taking place concentrically 
from within outwards, and the quantities o-^, o-y, and being 
so determined that 

dx 

at all points without ^^he small region, and that 

derj, doy d^ __ ^ 

dx dy dz ^ • 

within that region where p i^determined to give the requisite 
charge at 0 . 
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The law of resultant polarisation exterior to 0 may in this 
case be determined, and the consequent law of force, if it bo 
assumed that the resultant polarisation a is symmetrical about 
the point with which 0 sensibly coincides. 

For if this be •assumed we must have o* = ^ (r) and in the 
direction of r the distance of each point from 0. 

Therefore o-j. = <J) (r) = = </> (r) ^ • 


Therefore since 


d<Ty d(r, _ 
dx ~dy dz ' 


we have 




2 </>(»•) 


+ ^'(r) = 0. 




260.] If in any polarised field we describe a closed surface -S', 
and find the integral JJ over that surface where 9 is 


over that surface where 9 is 


the angle between H and the normal to S at each point, we 
know that the result is where M is the total quantity of the 
electricity situated within S ; that is to say, the whole quantity 
of the electricity lying without the surface S on all the 
molecules intersected by S would be —3/, and the whole quan- 
tity of the electricity displaced across S, to the adjacent external 
particles, would be in other words the total quantity of 

electricity within any closed surface whatever is unalterable. 
The electricity behaves in all respects like an incompressible 
fluid pervading all space, and the introduction of any quantity 
into any closed region is accompanied by an eflBiux of a corre- 
sponding quantity from that region. 

We have so far supposed the whole region to be dielectric or 
non-conducting, but the introduction of Jonducting substances 
docs not affect the result. The special property of conductors is 
that their molecules *are incapable of polarisation, or that the 
substances of conductors arc inqpcrmeable by the other whose 
molecules may be thus polarised. 
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Suppose now that our closed surface S was intersected by a 

conductor (7, and let us 
Q replace 8 by another 

S» ^ ^ 51 closed surfstce made up 

portion of 8 

5 / C external to C, and 

Fig. 41. another surfflee 5' Q5' 

very nearly coinciding 
with that of the conductor and external to it, the dotted line 
indicating the continuation of 8 within C. 

r«, . . . CC Rco&0d8 . , . 


! integral JJ - 


taken over this new closed surface 


will, as before, be equal to all the original mass of the included 
electricity, since the charge on the conductor must bo zero on 
the whole ; and since there is no polarisation within C we have as 
before the total quantity of electricity transferred across the 
original 8 by displacement equal to the mass within it, the only 
difference being that instead of such transference being through- 
out molecular, as it is in the dielectric, it is a transference in 
mass across the conductor. 


This transference by displacement differs from that by con- 
duction, inasmuch as when the force ceases the state of strain 
and the displacement cease also, and all things return to their 
original condition, there being no permanent transfer. 

261.] Recurring again to the simple illustration of the field of 
uniform parallel force, suppose the force, remaining uniform, to 
vary from time to time, then the state of the molecules A, JSj C, 
&c. in Fig. 1 also varies, the shading becoming darker as the 
force increases, and lighter as it diminishes. 

If the displacement at any instant were /, it is clear that 
this variation of the force and consequently of f would produce 
a transference of electricity across any plane perpendicular to 


df 

the force in all respects analogous to a current of intensity ^ 


along the lines of force. 

For example, suppose the fiel^ to be that of the dielectric between 
the plane armatures of a condenser, and suppose these armatures 
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to be connected by a wire. Then a discharge would take place 
through the wire from left to right ; the effect of this discharge 
would be to diminish the displacement within the dielectric 
from left to right, "or to produce a counteracting displacement 
from right to left, inasmuch as the positive charge of the left- 
hand and the negative charge of the right-hand armature 
would diftiinish at the rate u per unit time, if u were the current 
through the wire. 


Therefore we should have equal to zero, or a closed 


current would flow through the whole apparatus of dielectric, 
armatures, and wire. And this is what is supposed to take place 
in every case of transference by conduction. 

262.] Hitherto, throughout this chapter, we have treated our 
dielectric as being what may be called a pure dielectric with 
specific inductive capacity unity. In the case of impure di- 
electrics like those treated of in Chap. XI, we may either, as in 
what has preceded, retain the conceptions of the two fluids with 
distant action, or adopt Maxwell’s more simple conception of a 
displacement connected with the force by a law regarded 
as an ultimate fact (Art, 256). 

On the former hypothesis we may, as is done in 
Chap. XI, assume the intermixture of small conductors. 

In the figure annexed let the plane of the paper be 
supposed parallel to the axis of a?, and let the line AB 
be the intersection with that plane of a plane drawn 
through any point P in the medium perpendicular to 
that axis, and let the dotted line be the intersection 
with the same plane of thtf paper of a surface as nearly 
as possible coincident with the aforesaid plane perpen- 
dicular to a?, but so drawn as not to intersect any small 42- 
conductors, this surface will not differ sensibly from the plane. 
If (Tg. be the density per unit area of thi» surface of the elec- 
tricity upon the polarised dielectric molecules intersected by 
it and lying to the ^igh? or positive side of the surface, and 
if (Ty and o-^, be corresponding qjj^ntities for planes through P 
parallel to xz and a?y respectively, it follows from what has 


Ji 
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been already proved that the density p of actual charge in the 
medium at P is deteimined by the equation 


day, ^ doTy ^ da-;. 
dx dy dz 


— p. . 


But if K be the specific inductive capacity, we know from 
Chap. XI that 


d 

dx 




^ A 


dz 


whence we may, as in the preceding case, choose as our solution 
for cTy,, (Tyi and <r^, and their resultant o-, the equations 


K dV K dV K dV , K „ 

Ca; = — • - -- J 0-« = 7 - • -T^ * ~ 7“ ‘ 7 " ~ “ 7“ • 

dx ^ A.'n dy 47r dz 4-77 


The polarisation (r, as before, measures the displacement at any 
point, and it follows from Art. 193, Chap. XI, that the total dis- 
placement over any closed surface is equal to the total quantity 
of electricity within the surface, as in the case of pure dielectric 
media. 

According to MaxwelFs point of view, wo should ignore 
the analysis of the action on the inverse square hypothesis 
altogether, and regard the equation 


a 



or 



where / is the displacement, as an ultimate fact expressing the 
relation between force and displacement in any isotropic medium, 
with the requisite modifications for heterotropic media, in which 


cr* = 



rr ic 

4-77 477 


when the axes are principal axes; and since A^,, A^, A^ are 
generally not equal, the resultant displacement f will not in 
this case be necessarily coincident with the resultant Ibrce A. 

A 

The equation f =^--. A, if K be capable of assuming all 


values between 1 and + 00 , expresses the relation between force 
and displacement in all bodies, the lower Iftnit ( 1 ) corresponding 
to air or rather to vacuum, ^nd the higher limit (+ <») to 
conductors. 
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263.] In ideally perfect insulators, there is, as we have said, 
no permamnt transfer arising from displacement ; the force ceasing, 
the polarisation and displacement also cease, and any passage of 
electricity across a plane is succeeded on the cessation of the 
force by an equal* rebound or retransfer of electricity across the 
same plane backwards. Such perfect insulators do not exist in 
nature. Recurring, for instance, to our uniform force illus- 
tration, when this force or the corresponding polarisation of the 
By Cy &c. particles reaches a certain intensity, the particles 
become incapable of retaining their state of strain, and the + 
and — ■ electricities in each particle intermix. Across any plane 
perpendicular to R there is transfer of positive electricity from 
left to right, and of negative from right to left ; in fact a tem- 
porary current, and each particle returns to its unstrained state. 
If however R were maintained constant, there must be a renewed 
displacement to the same extent as before, so that wc have what 
is equivalent to a permanent transfer of electricity, a current 
from left to right, the intensity of the current u being the rate 
at which the electricity is transferred in each particle across 
any transverse section, and which is connected with the force R 
R 

by the equation ^ = — if / be the resistance within each particle. 

If the force R remained constant the polarisation a or the 
corresponding and equal displacement f must be renewed as 
fast as it is destroyed, so as always to satisfy the equation 

<r = — — ; in other words, there must be a continually recurring 
47r 

displacement or transfer fro\p particle to particle equal per unit 
of time to the quantity^ u 

Again, suppose that the diminution of polarisation or transfer 
current u was absolutely impossible, i.e. that the insulation was 
perfect but that the force varied, producing therefore a variable 

j 

* The actual historical displacement or transfer at any time must be distin- 
guished from the instantavemis displacement or polarisation; this latter is the 
transfer or displacement which the state of the field requires in accordance with 
the above theory, and is what would take place if there were no conduction ; the 
former, in case of conduction, is the sum jjf the continualljr renewed instantaneous 
displacements, required for the polarisatim of the field which have taken place up 
to the instant considered. 
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polarisation a or displacement f. The result is equivalent to 
a transfer of positive electricity from left to rigkt at the rate per 

unit of time of ^ • 
dt 

If both the conduction current u and the variable force, and 
consequently variable f coexisted, the resultant effect jvould be 

equivalent to the current of intensity • 

264.] We have already considered the case of a condenser with 
plane armatures connected by a wire, and have seen that the 
discharge current u in the wire is accompanied by an equal and 

opposite current in the dielectric, but in point of fact the 

process which, in this case, takes place almost instantaneously is 
in effect, though much more slowly, always going on throughout 
the dielectric. For no substance is absolutely and completely 
non-conducting, the molecular constraint is continually giving 
way, there is a continual passage of electricity from the positive 
to the negative armature causing a diminution of force and 
polarisation throughout the medium. If be the conduction 
current, r the resistance, X the force, and / the displacement at 
any instant, we have, as shewn in Art. 261, 

... 


where u = 


aud /= 


Tliei’efore 


;-/r0- 


4ir 

and X = X^t~^r\ 

/q and Xq being the initial values of /and X 

These equations express the law of^dec^ of the efficiency of 
condensers. 

265.] According to Maxwell’s doctrine, as we have already 
said, all electric currents flow in closed circuits. 
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Let us recur to the case of the charged particle of Art. 259, 
which we have hitherto regarded as at rest within the medium, 
and suppose the charge to be unity. 

If it move from one position to another we have in effect a 
current of electricity from 0 to O'. But from another point of 
view tha effect is the same as if the particle in the first position 
were annihilated^ and another 

similar particle placed in the yl" 

second position; that is, as if yy 

a particle with unit positive y / 

charge were placed in the second / 

position, and a particle with unit / 

negative charge superadded to / 

the positively charged particle / 

in the first position. \ / 

If 0 denote the first, O' the q/_ \{y 

second position, P any point in pjg 

space, the displacement at P 

due to the placing of a negative particle or annihilation of 
a positive particle at 0 is a displacement — \)]n direction 

PO. The displacement at P due to the positive particle at 0' is 
a displacement 

If 0' be infinitely near to 0, and 00' = a, we can find* the 
equation to the resultant as follows : 

Let ZPOO' = 0, Let 0^ = 3a cos 9, Then if 

PO = Ty PO' ^ cos 0, and PQ = r— 3 a cos 0, 

PQ ^ r— 3a cos 0 ^ r^2a cos 0 __ 2 a r cost? ^ PO'^ ^ 


Therefore the resultant is parallel to Its equation is 

therefore 

dy Sacos^^sin^ i y j. n 
^ » and - = tan 0, 

dx a— 3acos^0 x 

Therefore 

ineretore 
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Tho solution of which is 

a!*+y* = c*y*, 

where o is a variable parameter. 

This is the equation of a system of closed curves having OCX 
for a common tangent. 

It thus appears that if any quantity of positive elpctricity 
flows from 0 to O' (for our moving particle is equivalent for the 
purpose to a flow of positive electricity), we have a flow or 
current of electricity at every point in space, in direction form- 
ing closed curves with the line 0(/. From which it would seem, 
as we have already said, that there is no real change of position 
of all the positive electricity in space. Or, in other words, 
cither kind of electricity behaves like an incompressible fluid, 
and the quantity of it within any finite space cannot be increased 
or diminished. 

If, for instance, the charge on the moving particle be unity, 
and it move from 0 to O', that is a distance a in unit of time, 
the current in ©O' is a. If also P be a point in the plane bisect- 
ing 00' at right-angles, and r be measured from 0, the displace- 
ment current from right to left through a ring of the plane 
between the distances r and r+dr from 0 is 

o* 2 It r dr 
Alt r* 

The whole displacement current from right to left through the 
plane is therefore 

a* r*2'itrdr 
it 

and is therefore equal to the current from left to right in 00'. 

Hence, according to Maxwell’s view, all electric currents in 
nature flow in closed circuits. This theory will be found to lead 
to important conseqjjences when we come to deal with the 
mutual action of electric currents. 
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